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Chapter 1

Prologue

In this dissertation we look at two types of games: network bargaining games
and cooperative matching games. We introduce these using an example.

Adam and Betty both want to apply for a research grant together with their
colleague Charlotte. Charlotte, however, only has enough time for one new
research project. Both pairs, that is Adam with Charlotte, and Betty with
Charlotte, are eligible for an equally funded research grant. So let us say that
both pairs can obtain a funding of 1 unit of money.

We can represent this example situation, this instance, by a graph as shown
in Figure 1.1. A graph consists of vertices and edges, drawn as circles and
lines in Figure 1.1, respectively. In this case, the vertices represent Adam (A),
Betty (B) and Charlotte (C), and the edges represent the pairs that can apply
for a research grant. Both edges in Figure 1.1 have a number next to them,
called the weight of the edge, that represents the amount of funding the pair
can receive.

A 1

B 1

Figure 1.1: An instance.

We first explain network bargaining games using this example. When two
persons decide to apply for a grant together they must negotiate how to divide
the funding between them, that is, they have to bargain. In our example,
Charlotte has a very strong bargaining position, as she has multiple options.
Say Adam and Charlotte decide to apply for a research grant together, and
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they split the funding equally, so both get 0.5. Charlotte can obtain more for
herself by suggesting to Betty that they instead apply together and split it such
that Charlotte gets 0.6 and Betty gets 0.4. Since Betty currently has nothing,
she is happy to accept this offer. But now Adam has nothing, and Charlotte
can use this to obtain even more. In particular, Charlotte can suggest to Adam
that they apply together and split it such that Charlotte gets 1 and Adam gets
0. Since Adam will not be worse off than he already is, he accepts the offer.

In general, instances can of course be much larger and more complicated. But
the idea remains the same: each person wants to form a pair with someone else,
and tries to bargain for as much value as possible. So what we are interested
in here is the pairs that are formed, and how each pair decides to split the
available value. The set of all pairs that are formed is what we call a matching
in the graph. An outcome to a network bargaining game is described by the
pairs that are formed, so a matching, and the value that each person obtains
from a pair. We can represent an outcome in a graph, by highlighting the
matching, and displaying the value each person obtains from a pair above the
corresponding edge. The outcome of the example we discussed before is shown
in Figure 1.2. In this figure the bold line indicates that Adam and Charlotte
apply for a research grant together, and the values above this edge indicate
that Adam gets 0 and Charlotte gets 1.

A o0

B

Figure 1.2: An outcome of a network bargaining game.

Now we explain cooperative matching games using the same example, but
with a bit more context: Adam, Betty and Charlotte are in a research group,
and the leader of their group wants them to cooperate to obtain as much
funding as possible for their group. To encourage Adam, Betty and Charlotte
to cooperate, the leader of the research group divides the obtained funding over
them in such a way that they cannot obtain more funding in smaller groups. In
this case, either Adam and Charlotte can apply together and receive a funding
of 1, or Betty and Charlotte can apply together and receive a funding of 1, but
not both pairs can apply. So as a group they can obtain a funding of at most 1.
Next, the leader decides how to divide this funding of 1 over Adam, Betty and
Charlotte, by looking at how much funding smaller groups can obtain. Adam
and Charlotte can form a smaller group, and obtain a funding of 1. So, if they
get less than 1 in the big group, they can obtain more by not cooperating with
the big group, and instead forming their own group. To prevent this from



happening, Adam and Charlotte together should get at least 1. As there is 1
to divide in total, this means that Betty gets 0. Similarly, Betty and Charlotte
can obtain a funding of 1 without Adam, so Adam also gets 0. That leaves
Charlotte with the entire funding of 1.

Again, in general, instances can be much larger and more complicated. But
the idea remains the same: everyone cooperates to obtain as much funding as
possible as a group, and they divide this over the group in such a way that no
smaller group can obtain more funding by leaving the big group. What we are
interested in here is how much value each person obtains. Even though we are
not interested in the specific pairs that are formed here, the total value that
the persons can divide over the group still comes from an underlying matching.
An outcome to a cooperative matching game is described by the value each
person obtains. We can represent an outcome in a graph, by displaying the
value each person obtains above the corresponding vertex. The outcome of the
example we discussed before is shown in Figure 1.3. In this figure the values
above the vertices indicate that Adam and Betty get 0, and Charlotte gets 1.

A

0
B

Figure 1.3: An outcome of a cooperative matching game.
At first sight it may seem that the only difference between these games is how

we present the outcome. But we will see an example later, where the two
games have a different outcome.

Now consider the instance where Adam and Charlotte are eligible for a research
grant twice the amount that Betty and Charlotte are eligible for. This new
instance is represented in Figure 1.4.

A 2

B 1

Figure 1.4: An instance.

We first discuss the network bargaining game on this instance. If Adam and
Charlotte now decide to apply for a research grant together and split the

Ut
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funding equally, they both get 1. Charlotte still has Betty as an alternative
option, but this time that does not make her bargaining position stronger, as
she cannot obtain more for herself by switching to Betty. This outcome is
represented in Figure 1.5.

B

Figure 1.5: An outcome of a network bargaining game.

In the cooperative matching game on this instance, as a group they can obtain
a funding of at most 2, by letting Adam and Charlotte apply together. Clearly,
the smaller group consisting of Adam and Charlotte can also obtain a funding
of 2, which means that Betty gets 0. The smaller group consisting of Betty
and Charlotte can obtain a funding of 1. Then Adam can get at most 1:
there is 2 to divide in total, minus the 1 that the others can get without him.
So a possible outcome, that ensures that all smaller groups stay with the big
group, is: Betty gets 0, and Adam and Charlotte both get 1. This outcome is
represented in Figure 1.6.

Figure 1.6: An outcome of a cooperative matching game.

All the outcomes we have seen so far are stable: In the network bargaining
game, no two persons can both obtain more by deviating from the outcome
and instead applying together. In the cooperative matching game, no smaller
group can obtain more by leaving the big group. Next, we discuss an instance
where, for both games, there are no stable outcomes. We say that such an
instance is unstable.

We go back to the instance in Figure 1.1. There, both Adam and Betty got
nothing in the final outcome of either game, see Figures 1.2 and 1.3. Hence,
they decide that they can also apply for a research grant together instead.
They are eligible for a research grant of the same amount as the other pairs.
Figure 1.7 represents this new instance.



Figure 1.7: An instance.

So, in the network bargaining game, Adam and Betty decide to apply together
and split the funding equally, so they both get 0.5. But then the same happens
as before: both Adam and Betty have multiple options. Suppose Betty suggest
to Charlotte to apply together such that Betty gets 0.75 and Charlotte gets
0.25. Charlotte is happy to accept Betty’s offer, as currently she gets 0. How-
ever, now that Charlotte gets 0.25 she sees an opportunity to get even more.
Charlotte can instead apply with Adam such that she gets 0.6 and Adam gets
0.4. Adam can then instead apply with Betty such that he and Betty both
get 0.5. Now we are back where we started. This process is displayed in Fig-
ure 1.8. This will continue forever: whatever the current outcome is, there are
always two persons that can both obtain more by deviating from the current
outcome and instead applying for a research grant together.

A
0.5
C
0.5
B \
A0D4 / A
0.6
C — C
0.25
B B C0.75

Figure 1.8: Outcomes of a network bargaining game.

For the cooperative matching game on this instance, only one of the three
possible pairs can apply, which means that as a group they can obtain a
funding of at most 1. The smaller group consisting of Adam and Betty can
obtain a funding of 1, which means that Charlotte gets 0. Likewise, the smaller
group consisting of Adam and Charlotte can obtain a funding of 1, so Betty
also gets 0. But then the smaller group consisting of Betty and Charlotte gets
0, while they can obtain a funding of 1 by forming their own group. So, they
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leave the big group. Whatever we do here, there is always a smaller group
that wants to leave the big group.

A new colleague, David, joins the team. He would also like to apply for a
research grant with his colleagues, and, moreover, he has time to start two
new research projects. To broaden his knowledge, he does not want to apply
with Charlotte, as she works on subjects he is already familiar with, and he
does not want to apply with the same person twice. Adam and Betty also
have time to start two new research projects, and they too do not want to
apply with the same person more than once. This instance is represented in
Figure 1.9. In this figure there is a number above or below each vertex, called
the capacity of the vertex, that represents the amount of research grants the
person can apply for. All the edges still have weight 1, but we left this out of
the figure to avoid clutter.

B C
2 1

Figure 1.9: An instance.

This is a peculiar instance, as it is unstable in the network bargaining games
setting, but it is stable in the cooperative matching games setting. It is in-
teresting to note that this can only happen when not all vertex capacities are
one. Let us consider why it is the case for this example.

First we take a look at the network bargaining game on this instance. Say
the following pairs apply together for a research grant: Adam with Betty,
Adam with David, and Betty with David. They all split the funding equally.
This outcome is presented at the top of Figure 1.10. Looking only at Adam,
Betty and Charlotte in this outcome, the outcome looks exactly like before in
Figure 1.8. And indeed, the three of them form an unstable triangle again:
Betty can apply with Charlotte instead of Adam, then Charlotte can apply
with Adam instead of Betty, and finally, Adam can apply with Betty instead of
Charlotte, to end up where we started. This process is displayed in Figure 1.10.
Although none of the outcomes in Figure 1.10 are stable, this does not prove
that no stable outcome exists, as other outcomes are possible. Even so, in this
instance, there is no stable outcome.

Now for the cooperative matching game on this instance, at most three of the
possible pairs can apply at the same time, which means that as a group they
can obtain a funding of at most 3. Now let us take a look at what the smaller



0.5 0.5
D A
0.5 0.4 0.5
(—
0.5 0.6 0.5
B C B C
0.75 0.25

Figure 1.10: Outcomes of a network bargaining game.

groups can obtain. The smaller group consisting of Adam, Betty and David
can apply for a total of 3 as well. So Charlotte gets 0, otherwise the three
of them would leave the big group. The smaller group consisting of Adam,
Betty and Charlotte can apply for a total of 2, which means that David can
get at most 1: 3 to divide in total, minus the 2 that the others can obtain
without him. The same holds for Adam and Betty, they can also get at most
1. Since we have 3 to divide, we can give all three of them exactly 1. So the
outcome here is Adam, Betty and David all get 1 and Charlotte gets 0. This
outcome is represented in Figure 1.11, where the numbers above and below
each vertex now represent the outcome, instead of the capacities. Any smaller
group consisting of only two persons can apply for a funding of at most 1, and
in this outcome, all those groups get 1 or 2. So, no smaller group can obtain
more by leaving the big group, which means this outcome is stable.

D A

B C
1 0

Figure 1.11: An outcome of a cooperative matching game.

In the remainder of Part I we first introduce notation and general definitions.
Then we formally state the problem and give an overview of our results and
previously known results.

In Part IT we look at stabilizing network bargaining games: modify an unstable
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instance to obtain a stable instance. For example, we saw that the instance
in Figure 1.7 is unstable, and the instance in Figure 1.1 is stable. So we can
stabilize the instance in Figure 1.7 by removing the edge between A and B,
thereby not allowing Adam and Betty to apply for a research grant together.
Besides removing edges, other modifications that we consider are removing
vertices and reducing the capacity of vertices. In our examples, these modifi-
cations correspond to not allowing a person to apply for any research grants,
and lowering the amount of research grants a person is allowed to apply for.

In Part IIT we look at the set of stable outcomes for cooperative matching
games, which is called the core. Given an outcome to the game, we are in-
terested in determining if this outcome is stable, that is, if it is in the core.
We also consider a dynamic setting where, after a stable outcome is found
for the game, the instance might change. For example, some persons might
decide they do not want to participate after all. To anticipate changes, we
want to find a stable outcome that minimizes the amount of value we expect
participants to lose when the instance changes.



Chapter 2

Notation and General Definitions

In Section 2.1 we introduce graph theory notation and definitions. In Sec-
tion 2.2 we discuss the circuits of the fractional c-matching polytope and basic
fractional c-matchings.

2.1 Graph Theory

A graph G = (V,E) consists of a set V of vertices and a set E of edges
connecting the vertices, that is, if e € F then e = {u, v} for some u,v € V. We
use the shorthand notation e = uv. We say that u and v are adjacent, that
u and v are neighbors, and that u and v are incident with e. We denote by
N(v) ={u € V : uv € E} the neighborhood of v, by N*(v) = N(v)U{v}, and
by 6(v) = {e € E: v € e} all edges incident with v. We denote by d, = [§(v)]
the degree of v. For any F C E, we define §7'(v) = {e € F : v € e} as the set
of edges of F' incident with v, and df” = |67 (v)| as the degree of v with respect
to the edges in F. We let n = |V| and m = |E|.

A graph G = (V,E) is bipartite if there are two subsets V;,Vo C V that
partition the vertices V', such that for all edges uv € E either u € Vi, v € V5
orveE Vi, u€ Vs

We consider graphs with edge weights w € REO and vertex capacities ¢ € Z‘>/o-
We refer to a graph G with edge weights w and vertex capacities c as (G, w, c),
we say that G is a weighted, capacitated graph. If all edge weights are one,
we denote this by (G,1,¢), and we say that G is a unit-weight, capacitated
graph. If all vertex capacities are one, we denote this by (G, w, 1), and we say
that G is a weighted, unit-capacity graph. If G is a unit-weight, unit-capacity
graph we denote this by (G, 1,1).

11
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For any set X, subset Y C X and vector + € RX, we denote by x(Y) =
Y ecy Te. For example, for F' C E we denote by w(F) the total weight of the
edges in F. For any two vectors =,y € RX, we denote by 2"y = Y oecx Tele-

We denote a (uv-)walk W by listing its edges and endpoints sequentially, that
is, by W = (u;eq, ..., ex;v). We define its inverse as W1 = (v;ep, ..., e1;u).
We say a walk is closed if w = v. A trail is a walk in which edges do not repeat.
A path is a trail in which internal vertices do not repeat. A cycle is a path
which starts and ends at the same vertex. If we refer to the edge set of a walk
W, we just write W. Note that this can be a multiset.

Let S C V, then G[S] is the graph induced by the vertices of S, and G\ S =
G[V \ 5] is the graph with the vertices in S removed. Let F' C E, then
G\ F = (V,E\ F) is the graph with the edges in F removed. Let S be a
multiset of vertices V. We denote by G[cs — 1] the graph G with the capacity
of all vertices in S reduced by one. Note that, if a vertex appears, for example,
twice in S, its capacity is reduced by two. We use ¢~ to refer to the capacities
in Gleg — 1]. For a vertex s € S, with S\ s we mean removing s just once
from S.

2.1.1 Matching

Given a graph (G,w, 1), a matching is a subset M C E such that d <1 for
all v € V. We denote the weight of a maximum-weight matching by v(G),
formally defined as

v(G) = max{w(M):d™ <1VveV,M C E}.
The linear programming (LP) relaxation of this problem is given by
vi(G) = max{w 'z : x(5(v)) <1VveV,z>0}.

We say that an x feasible for this LP is a fractional matching. The LP dual
of this is
74(G) = min{1 "y : yy + Yo > wyp Yuv € B,y > 0}.

We say that a y feasible for this LP is a fractional vertex cover. By standard
LP theory and duality theory we have v(G) < v¢(G) = 74(G), for all graphs
(G,w,1). The complementary slackness conditions of v;(G) and 7;(G) are

Tuo =0 or Yy + Yy, =wy, foralluvekFE, (2.1a)
Yo =0 or z(é(v)) =1 for all v e V. (2.1b)

In the next section we define c-matchings and structures involving c-matchings
M, like M-alternating walks. These structures also apply to matchings.

12



2.1. Graph Theory
2.1.2 Capacity-Matching

Given a graph (G, w, ¢), a c-matching (capacity-matching) is a subset M C E
such that dﬂ/f < ¢, for all v € V. Note that we can assume without loss of
generality that ¢, < d, for all v € V. We denote the weight of a maximum-
weight c-matching by v¢(G), formally defined as

ve(G) = max{w(M) : d¥ < ¢, Vv e V,M C E}.
The LP relaxation of this problem is given by
vi(G) = max{w 'z : z(6(v)) < ¢, Yo € V,0 <z <1}

We say that an x feasible for this LP is a fractional c-matching. The LP dual
of this is

T}:(G) = min{cTy + 172 Yy 4 Yo + 2Zup > Way Yuv € B,y > 0,2 > 0}.
We say that a (y,z) feasible for this LP is a fractional vertex cover. It
will be clear from context if we mean a fractional vertex cover y or a frac-
tional vertex cover (y, z). By standard LP theory and duality theory we have
v¥(G) < v§(G) = 7§(G), for all graphs (G, w, ¢). The complementary slackness
conditions of v¢(G) and 7¢(G) are

Tuw =0 Or Yy + Yy + 2up = Wy, for all uv € F, (2.2a)
Yy =0 or z(d(v)) =cy for all v €'V, (2.2b)
Zuw =0 or Ty, =1 for all wv € E. (2.2¢)

Given a c-matching M, we say that v € V is exposed if d = 0, covered if
dﬂ/[ > 0, unsaturated if df)” < ¢, and saturated if df}VI = ¢,. We also use these
terms for fractional c-matchings x, for example, v is saturated if z(d(v)) = ¢,.

For a walk W (possibly a multiset) and a c-matching M (not a multiset),
we define W\ M ={eeW:e¢ Mfand WNM ={ec W :e e M}
For example, let W = (u;eq,ea,e3,e1,e2;0) and M = {es}, then W\ M =
{e1,e3,e1} and W N M = {ez,ea}. We let A denote the symmetric difference
operator: WAM = (W \ M) U (M \ W) for two sets W and M.

Definition 2.1. We say that a walk W is M-alternating (w.r.t. a c-matching
M) if its edges are alternating between M and E\ M. We say W is M-
augmenting if it is M-alternating and w(W \ M) > w(W N M). An M-
alternating wv-walk W is proper if WAM is a c-matching.

13



Chapter 2. Notation and General Definitions

Definition 2.2. Given an M-alternating walk W = (u;eq,...,ex;v) and an
€ > 0, the e-augmentation of W is the vector z/W (g) € R given by

2MIW () = 1—k(e)e ?fe €M,
’ k(e)e if e ¢ M,

where k(e) = [{i € [k] : e, = e}|. We say that W is feasible if there exists
an € > 0 such that the corresponding e-augmentation of W is a fractional
c-matching.

To get a better understanding of proper and feasible, we characterize proper
and feasible for different kinds of walks. (i) Nonclosed walks: An M-alterna-
ting walk W = (u;eq,...,ex;v), where u # v, is proper and feasible if and
only if the following hold: (a) either e; € M or d¥ < ¢, — 1, and (b) either
ex € M or dM < ¢, — 1. (ii) Even-length closed walks: An M-alternating
walk W = (v;eq,...,eg;v), such that k is even, is always proper and feasible.
(iii) Odd-length closed walks: An M-alternating walk W = (v;eq,...,ex;v),
such that k is odd, is proper if and only if either e, e, € M or d¥ < ¢, — 2,
and feasible if and only if either e1, e, € M or dy < ¢, — 1. See Figure 2.1 for
examples of these different kinds of walks.

O O O O O
v

u

(a) This nonclosed M-alternating walk is proper and feasible. The nonclosed
M-alternating walk between u and v is neither proper nor feasible, because
dﬁ{ =1=c,.

(b) This even-length closed M-alter-  (¢) This odd-length closed M-alt-

nating walk is proper and feasible. ernating walk is feasible, but not
proper, because d¥ =0 = ¢, — 1.
If ¢, = 2, then it would be proper
and feasible.

Figure 2.1: Examples of different types of M-alternating walks. All
capacities are 1, unless specified otherwise.

Proposition 2.1. A feasible M -alternating walk with distinct endpoints is
proper.

Proof. Let W = (u;eq,...,ex;v) be a feasible M-alternating walk with u # v.
If e; € M, then dVoM =dM — 1 <¢,—1. Ife; ¢ M, then dV4M =gM 1 1.

14



2.1. Graph Theory

Furthermore, since W is feasible, we have M/ (£)(6(u)) < ¢,. We also have
MW () (§(u)) = dM + ¢ > dM. Since ¢, and d¥ are both integral, we have
d™ +1 < ¢,, which implies d"V2M < ¢,. The exact same argument can
be repeated for v, by replacing u by v, and e; by eg. It follows that W is
proper. 0

We next define M-blossom, M-flower and M-bi-cycle. See Figure 2.2 for some
examples of these structures.

Definition 2.3. An odd cycle C = (v;eq,...,ex;v) is called an M-blossom if
it is M-alternating such that either e; and e are both in M, or are both not
in M. The vertex v is called the base of the blossom.

Definition 2.4. An M-flower C'U P consists of an M-blossom C with base
v and an M-alternating path P = (u;ey,...,ex;v) such that (P,C, P71) is
M-alternating and feasible. The vertex v is called the root of the flower. The
flower is M -augmenting if

w(C\ M) + 2w(P\ M) > w(C N M)+ 2w(P N M).

Definition 2.5. An M-bi-cycle C' U P U D consists of two M-blossoms C
and D with bases u and v, respectively, and an M-alternating path P =
(u;eq,...,ex;v) such that (P,D, Pt C) is M-alternating. The bi-cycle is
M -augmenting if

w(C\ M)+ 20(P\ M) +w(D\ M) > w(C N M)+ 2w(P 0 M) +wDnM).

Note that, in the last two definitions, it may happen that P has no edges.

Ly D

) An example of an M-blossom, or An example of an M-flower
an M flower with empty P. Wlth nonempty P.

) An example of an M-bi-cycle with ) An example of an M-bi-cycle
nonempty P. w1th empty P.

Figure 2.2: Examples of an M-blossom, M-flower and M-bi-cycle.
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In the unit-capacity case it is well-known that a matching M has maximum
weight if and only if there do not exist any proper M-augmenting paths or
cycles. This generalizes to the capacitated case. We report a proof for com-
pleteness.

Theorem 2.1. A c-matching M in (G, w, c) has mazimum weight if and only
if G does mot contain a proper M -augmenting trail.

Proof. (=) If G contains a proper M-augmenting trail 7', then MAT is a
c-matching and w(MAT) > w(M), which means M does not have maximum
weight.

(«=) Let M be a c-matching in G such that M does not have maximum weight.
We will show that G contains a proper M-augmenting trail. Let IV be a
maximum-weight c-matching, and consider the graph induced by MAN. We
construct a unit-capacity graph G-

1. For each v € V, define b, = max{d, }, create copies vy, ..., Uy,
and add them to V(G). Initialize JM(v) =Jnw)={1,...,b}.

2. For each uv € M \ N, add a single edge u;v; to both E(G) and M with
edge-weight w,,,, where i € Jy;(u) and j € Jys(v) are chosen arbitrarily.
Remove i and j from Jys(u) and Jpr(v), respectively.

3. Likewise for each uv € N\ M.

M\N N\M
v

Observe that this construction establishes a natural weight-preserving bijection
between E and E (G) Furthermore, the sets M and N are matchings in G,
and w(N) > w(M) implies w(N) > w(M) In particular, M is not maximum-
weight in G. Since G has unit-capacities, it contains at least one proper M-
augmenting path or cycle T. Let T = (u;eq,...,ek;v) be the corresponding M-
alternating walk in G. Since 7' does not repeat edges and is actually alternating
between M and N , T is alternating between M \ N and N \ M, and also does
not repeat edges, that is, T is a trail. Since w(T \ M) > w(T N M), we also
have w(T'\ M) > w(T N M), that is, T is an M-augmenting trail. Thus, we
only need to show that T is proper, that is, that M < ¢, and dI*M < ¢,.

Case 1: T is a proper M—augmenting path. If uw = v, then provided that at
least one of e; and ey is in M, then dZAM < dM < ¢,. If on the other hand
neither of e; and eg is in M, then the corresponding edges é; and € in T
are not in M, and must therefore be in N. Let u; and u; be the first and
last vertices of T, incident with €; and é, respectively. Note that u; and u;
are distinct, since Tisa path. Furthermore, since T is proper, u; and u; are
not incident with edges from M. Observe that by construction of G, either
all vertices in {u1,...,up, } are M-covered or N-covered. Since u; and u; are
not M-covered, all copies of u must be N-covered. Hence, dM\N < dN\M 2,
which means dﬂ/f < div — 2. Finally, d{AM = dﬂ/f 2 < df:[ < ¢y
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If u # v, we again consider whether or not e; and ey are in M. Since u and
v are distinct, these cases for e; and e are independent. If e; € M, then
dTAM — gM _ 1 < ¢, Ife; ¢ M, then dTAM = g™ 41 and é; is in N, not in
M. Let u; be the copy of u that is incident with é;. Since u; is the first vertex
of T, and 7" is proper, u; is not incident with any edge from M. By construction
of é’, every copy of u must be N-covered. Hence, dﬂ/[\N < duN\M — 1, which
means d < dY — 1. Therefore, dL*M = dM +1 < dY < ¢,. By symmetry of
u and v, we also have dT2M < ¢, both if e;, € M and e;, ¢ M.

Case 2: T is a M—augmentz’ng cycle. In this case u = v and exactly one of e;
and ey is in M and one is not, which means dZAM = di” < ey O

2.2 Fractional c-Matching Polytope

The polytope of fractional c-matchings in G is Prem (G, ¢), formally defined
as
Prem (G, c) = {m eRF: z(0(v)) <, VoeV,0<a < 1}.

We write Prcum if G and ¢ are clear from the context or irrelevant.

We first explain some general polyhedral terminology. A convex combination
of points x1,...,xk is a1x1 + - -+ + agxr, where aq,...,ar > 0 and a; +
-++ 4 ar = 1. An extreme point, or vertex, of a polyhedron is a point in the
polyhedron that cannot be written as a convex combination of other points in
the polyhedron. Equivalently, an extreme point of a polyhedron (C R"™) is a
point for which n linearly independent constraints are tight, that is, satisfied
with equality. An edge of a polyhedron is a line of points such that for all
those points the same n — 1 linearly independent constraints are tight. The
end points of an edge are vertices of the polyhedron, and the edge itself is the
line of all convex combinations of those two vertices.

2.2.1 Circuits

Let e be an edge of a polyhedron P = {z € R" : Az = b, Bx < d}, where
A and B are integral matrices, and b and d are rational vectors. The edge
direction of e is the (single) vector v — w for any two distinct points v and
w on e. Taking two different points results in a scalar multiple of the same
edge direction. The circuits of a polyhedron (described by A and B) are all
potential edge directions that can appear for any choice of rational b and d (see
Theorem 1.8 in Finhold [22]). Let C(P) denote the set of circuits of P with
co-prime integer components. Note that C(P) contains two edge directions,
which are each other’s negative, for every potential edge. We use the notion
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of circuits of a polyhedron, instead of circuits of A and B, as any minimal
description of P yields the same set of circuits (see Lemma 3 in Kafer [31]).

For a characterization of the circuits of the fractional c-matching polytope
Prcem (G, ¢) we rely on De Loera et al. [16], who defined five classes of graphs
(£1,E2,E3,E4,E5), listed below. See Figure 2.3 for examples of these subgraphs.

(i) Let & denote the set of all subgraphs F' C G such that F' is an even
cycle.

(ii) Let & denote the set of all subgraphs F' C G such that F' is an odd
cycle.

(iii) Let & denote the set of all subgraphs F' C G such that F is a path.

(iv) Let &, denote the set of all subgraphs F' C G such that F = C U P,
where C' is an odd cycle, and P is a nonempty path that intersects C
only at one endpoint.

(v) Let &5 denote the set of all subgraphs F' C G such that F = C; UPUCy,
where C; and Cs are odd cycles, and P is a path satisfying the following:
if P is nonempty, then C7 and Cy are vertex-disjoint and P intersects
each C; exactly at its endpoints; if P is empty then C7 and Cs intersect
at only one vertex.

A set of circuits can be associated to the subgraphs in these classes by defining
(again, see Figure 2.3 for examples):

G =Upes, {9 {-1.0,1)7: ge) £0  iffec B(F)
(5(v)) =0 v e V(F) 3
C = UF€$2 {9 e {-1,0, 1}E : ogle)#0 iff e € E(F)
g(6(w)) #0 for one w € V(F)
(o 0

(e)

(o

g0) =0 WweV(F)\{u}  },
ngLhF&{ge{—LOJ}E: gle)£0  iffec E(F)
g(6() =0 Vu:|3(v)NE(F)| =2 }
Cs =Upr=(cupee, {geZF: g(e)#0 iff e € E(F)
g(6(v)) =0  Vu:[d(v)NE(F)| =2
gle) e {-1,1} Veec E(C)
gle) € {—2,2} Veec E(P) |2

() £ 0 iff e € E(F)
(6(v))=0 Yo e V(F)

( ) { 1 1} VBGE(Cl UOQ)

() € {~2,2) Vee E(P) v
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(a) An example of a subgraph in &; (b) An example of a subgraph in &
and a circuit ¢ € C; given on its  and a circuit ¢ € C2 given on its

edges. edges.
o—1—0—-1—0—1—0—-1—0

(c) An example of a subgraph in & and a circuit g € C3 given on its edges.

_143\
o
1 %—2%2%}—2@

by )

(d) An example of a subgraph in £4 and a circuit g € C4 given on its edges.

N g
i\ 1>}—2%)*24O<_1 1
_1\0/ \i

(e) An example of a subgraph in £ with nonempty P and a circuit g € Cs

given on its edges.
_1/0\
R
1 >< 1
Lo =
_1\0/

(f) An example of a subgraph in & with empty P and a circuit g € Cs given
on its edges.

Figure 2.3: Examples of the subgraphs in (&1,&s,E&3,&4,E5) and the
circuits defined on them.
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De Loera et al. [16] show that C; U Cy U C3 U Cq UC5 is the set of circuits of
the fractional matching polytope, that is, Prcy with ¢ = 1 and without the
(redundant) constraints 2 < 1. Since the set of circuits stays the same if the
right hand side vector changes (note that the constraints z < 1 are parallel
to > 0), the same set of circuits apply to C(Prcm). Hence, we have the
following proposition.

PI‘OpOSitiOH 2.2. C(PFCM) = Cl U C2 ] C3 U C4 U C5.

2.2.2 Basic Fractional c-Matchings

We refer to the vertices of Prconm as basic fractional c-matchings. The next
result is well known, see for example Theorem 20 in Appa and Kotnyek [3] for
half-integrality of general polytopes, but we provide a proof for completeness.

Theorem 2.2. A fractional c-matching x is basic if and only if its components
are equal to 0, % or 1, and the edges with . = % induce verter-disjoint odd
cycles with saturated vertices.

Proof. (=) Let « be a basic fractional c-matching, and let H be a connected
component of the graph induced by the edges with fractional value in z. First,
note that H contains no even cycle, and no inclusion-wise maximal path with
distinct endpoints: Otherwise, let D be an even cycle or an inclusion-wise
maximal path with distinct endpoints in H. Let g € C; UCs be the circuit
associated to it. Then, x + €g and = — g are both fractional c-matchings, for
a small value of e. However, as x is a convex combination of x +&eg and x — &g,
this contradicts that = is an extreme point.

Let T be any spanning tree of H. First, assume there exist two distinct edges
fi,fo € E(H)\ E(T). Then, adding f1 (respectively, f2) to T creates an odd
cycle Dy (respectively, Ds). These cycles cannot intersect in an edge, otherwise
their support would contain an even cycle. Hence, they must be edge disjoint.
The cycles can also not intersect in more than one vertex, otherwise their
support again contains an even cycle. So, they either intersect at one vertex,
or are connected via a path in 7. In either case, one can associate to these
edges a circuit g € C5. Then, z+eg and x —eg are both fractional c-matchings,
for a small value of ¢, reaching a contradiction again. These arguments show
that there is a unique edge f € E(H) \ E(T).

Since H cannot contain inclusion-wise maximal paths, it contains at most one
vertex of degree 1. If H contains exactly one such vertex u, then v and the odd
cycle (created by adding f to T') are connected via a path. One can associate
a circuit g € Cy4 to the edges in this cycle and path. Again, considering x + eg
and x — eg results in a contradiction. So H does not have any vertex of degree
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2.2. Fractional c-Matching Polytope

1, which means that the endpoints of f must be the leaves of T. Hence, T is
a path and H is a cycle. Necessarily, H must be odd.

Finally, no vertex in H can be unsaturated, as otherwise, we can associate a
circuit g € Cy to H, where the unsaturated vertex w is the only vertex with
g(6(u)) # 0. Once again, we reach a contradiction by considering « + eg and
x —eg. Since H is an odd cycle with saturated vertices, the edges in H must
have value % in z.

In conclusion, if z, ¢ {0,1}, it must equal % and e must be part of an odd
cycle. Furthermore, these odd cycles are vertex-disjoint, and all vertices part
of an odd cycle are saturated.

(<) Consider a vector w with w, =1 for all edges e in the support of z, and
we = —1 for all other edges. Then, x is the unique optimal solution when
maximizing the function w over Prcy.- Hence x is an extreme point. O

We partition the support of a basic fractional c-matching = into the odd cycles
induced by z. = 3-edges: €, = {C1,...,C,} (later referred to as fractional

odd cycles), and matched edges: 4, = {e € F : z. = 1}. We next define
two operations that change the value of a basic fractional c-matching on the
support of a fractional odd cycle.

Definition 2.6. Alternate rounding C = (v;eq,...,ea41;v) € G, exposing
v means replacing z. by &£, = 0 for all e € {ej,e3,...,ea41} and by &, =1
for all e € {ea,e4,...,e}. Similarly, alternate rounding C € €, covering v
means replacing z. by &, =1 for all e € {e1,es,...,ea 41} and by &, = 0 for
all e € {62, €4y ..., 62k}.

Let & be the set of basic maximum-weight fractional c-matchings in G. Define
v(G) = mingex |65, as the minimum number of fractional odd cycles in the
support of any basic maximum-weight fractional c-matching in G. Koh and
Sanita [36] propose an algorithm to obtain a basic maximum-weight fractional
matching with minimum number of fractional odd cycles (|6;| = v(G)). We
generalize their result to c-matchings.

Theorem 2.3. A basic mazimum-weight fractional c-matching x with |€,| =
v(G) can be computed in polynomial time.

Proof. Given a graph (G = (V, E), w, ¢), we reduce it to a unit-capacity graph
(é = (V, E), w, 1) using the following reduction. We replace each edge e = uv
by two new vertices: e,, €,, and three new edges: ue,, e,€,, €,v all of weight
we. We replace each (original) vertex v by ¢, copies: vy,...,v., (recall that
we can assume without loss of generality that ¢, < d,), and each edge ve,
incident with v, by an edge between each of the ¢, copies of v and e,, all of
the same weight as ve, (so w.).
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Next, we compute a basic maximum-weight fractional matching & in G with
minimum number of odd cycles (|| = v(G)), using the algorithm from Koh
and Sanita [36]. Consider the subgraph of G corresponding with an edge e € F.
Since Z is basic and has maximum weight, there are only a few possibilities for

this subgraph, see Figures 2.4a to 2.4e.

U; €y €y Uj U; €y €u Uj
O O O O O O O O
(a) (b)
U; €y €y vj U; €y €y vj
OmmmmOmmm=Omm==O O O O ¢)
(c) (d)
fs u; fs u;
Ommm=Ohl, & €u vj Q, €y Cu vj
_.30—0 O R 0
Ommm=r” Ommmn
gt Uk gt Uk

(e) (f)

Figure 2.4: Figures 2.4a to 2.4e indicate the possible scenarios for the
subgraph of G corresponding with an edge e € E. Figure 2.4f shows how
the matching in Figure 2.4e can be changed without affecting the weight
of the matching. Normal, dashed and bold edges indicate an  value of
0, % and 1, respectively. No edge between e, and v; indicates the value
of the edges between e, and the copies of v are irrelevant. For clarity,
we have only drawn the relevant vertices and edges (e = uv, f = us,
g = ut).

In fact, we can assume without loss of generality we only have the scenarios
shown in Figures 2.4a to 2.4c. Indeed, Figures 2.4d and 2.4e can be trans-
formed into Figures 2.4a and 2.4f, respectively, without affecting w'4 and
|%%|. The scenario in Figure 2.4f, depending on what is happening between
e, and the copies of v, corresponds to the scenario in Figure 2.4b, 2.4d, or
2.4e. If Figure 2.4f corresponds with Figure 2.4d, it can again be transformed
into Figure 2.4a. If Figure 2.4f corresponds with Figure 2.4e, then note that
now there is a matched edge between e, and one of the copies of v. So, it can
be transformed into Figure 2.4f another time, such that this time Figure 2.4f
corresponds to Figure 2.4b.

Then & can be translated to a fractional c-matching = in G, as follows: set
ze = 0 in case of Figure 2.4a, x. = 1 in case of Figure 2.4b, and x., = % in case
of Figure 2.4c. We have w'x = ' 4& —w(E): in Figure 2.4a the weight of x is

0, while the weight of Z is we, in Figure 2.4b the weight of x is w,, while the
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2.2. Fractional c-Matching Polytope

weight of & is 2w,, and finally, in Figure 2.4c the weight of x is %wc, while the

3
2

in 2 with length |C|/3 (three edges in C' map to one edge in C), which is odd.

weight of & is 2w,. A fractional odd cycle C' in & maps to a fractional cycle C

Suppose there is a fractional odd cycle C in x such that there is an unsaturated
vertex u on C. Then there is a copy u; of v in G that is exposed. Let e = uv be
an edge on C'. We can then change % as follows: set £,,., = 1, and alternate
round C exposing e,. One can check using complementary slackness that
this gives a new maximum-weight matching in G, that is basic and has less
fractional odd cycles than Z, a contradiction. So all vertices on fractional odd
cycles in x are saturated.

Now suppose that there is some vertex u that is on at least two fractional odd
cycles in x. Then there are at least two copies u; and u; of u that are both
on a fractional odd cycle in z. Let ax and b; be such that .4, = Tu;b, = %
Now set these to zero, and instead set &,,p, = iujak = % This merges the
two fractional odd cycles into one fractional even cycle, and does not change
the weight of & (Wy,a, = Wu,a, and Wy,p, = Wy,p,). To make & basic again,
we remove this fractional even cycle by alternatingly decreasing/increasing &
on the edges of the cycle to zero/one. One can check using complementary
slackness that this gives a new maximum-weight matching in G, that is basic
and has less fractional odd cycles than &, a contradiction. So all fractional
odd cycles in x are vertex-disjoint.

Hence we find that z is basic. It follows that |€,| = |€;

Note that given an z, we can similarly translate it into &, such that W'z
w'z +w(E) and |%;| = |%,|. Hence, vi(G) = vp(G) — w(E) and (G)
v(G). So, x is our basic maximum-weight fractional c-matching in G with
€] = 7(G). O
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Chapter 3

Problem Definition and Results

In this dissertation we look at two types of matching games: Network Bargain-
ing Games (NBG) and Cooperative Matching Games (CMG). In Section 3.1
we formally introduce network bargaining games, and we introduce the stabi-
lization problem that we study in Part II. In Section 3.2 we formally introduce
cooperative matching games, and we introduce the two problems that we study
in Part III. Finally, in Section 3.3 we discuss the connection between network
bargaining games and cooperative matching games.

3.1 Network Bargaining Games

Network bargaining games were introduced by Kleinberg and Tardos [34] as a
generalization of Nash’s 2-player bargaining solution [41]. This work by Klein-
berg and Tardos [34] is quite popular, and network bargaining games have
been studied from a lot of perspectives since then. Bateni et al. [7] intro-
duced capacitated network bargaining games as a generalization of network
bargaining games. Instances of network bargaining games are described by a
graph G = (V, E) with edge weights w € RE (and vertex capacities ¢ € ZY),
where the vertices and the edges model the players and their potential inter-
actions, respectively. We next formulate network bargaining games formally,
on unit-capacity and capacitated graphs.

In a unit-capacity instance of NBG, each player can enter in a deal with at
most one of their neighbors in the graph, and together they agree on how to
split the value of the deal, which is given by the weight of the corresponding
edge. Hence, an outcome is naturally associated with a matching M C F in G
representing the deals, and an allocation vector y € R‘;O with y, + Yy = Wy
if uv € M, and ¥, = 0 if v is exposed by M. The outside option of a player is
the maximum profit a player can receive by abandoning their current deal (if
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they are in a deal currently) and forming a new deal with a different neighbor,
under the condition that this does not decrease the profit of that neighbor.
Formally, the outside option of player u with respect to the outcome (M, y) is
defined as
M,y) = 0, — .
au( y) max { U:ufzr»}&aﬁ}g\M {wuv yv}}

We omit (M, y) when it is clear from context. An outcome (M, y) is stable if it
satisfies y,, > a,, for all players v € V| which means no player has an incentive
to deviate from (M,vy).

Observation 3.1. The definition of outcome reflects the complementary
slackness conditions in Equation (2.1): y, + ¥y = wy, if wv € M, that is,
if 2y # 0, and y,, = 0 if v is exposed by M, that is, if 2(6(v)) # 1. Moreover,
the definition of stable reflects the vertex cover constraints for edges not in
M: yy > quy > Wy — Yy for all w such that wv € E\ M. It follows that in a
stable outcome (M, y), M is a maximum-weight matching and y is a minimum
fractional vertex cover.

In a capacitated instance of NBG, each player v can instead enter in a deal with
at most ¢, of their neighbors. In this case an outcome is naturally associated
with a c-matching M in G, and a vector a € Ri% With Gy + Gpy = Wae
if wv € M and ay, = a,, = 0 otherwise. The allocation vector y € ]R‘;O
associated with the outcome (M, a) represents the total value acquired by the
vertices, formally defined as y, = > ., cp@vu for all v € V. The outside
option is now defined as

ay (M, a) = max {0, max {wuv — ]l[df)w =¢,] min %w}} ,
viuwve E\M wivweM

where 1[dM = ¢,] equals 1 if d™ = ¢,, and 0 otherwise. The difference with
the unit-capacity outside option is that now we have to check if v has already
used all of its capacity. Because in that case, v needs to abandon one of its
deals to be able to form a new deal with u. So, to make sure that v’s profit
does not decrease, v needs to get at least min.ywepr G- But if v has not yet
used all of its capacity, then v is free to form another deal, and so v’s profit
will not decrease if v gets nothing from the deal with w. An outcome (M, a)
is stable if it satisfies a., > o, and a,, > o, for all deals uv € M and o, =0
if u is unsaturated.

3.1.1 Stabilization

As we will discuss in more detail in Section 3.3, the existence of a stable
outcome for the network bargaining game on a graph G is equivalent to the
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property v¢(G) = v(G) in unit-capacity graphs, and the property Vﬁ(G) =
v°(G) in capacitated graphs. We say that a graph (G, w, 1) is stable if v;(G) =
v(G), and a graph (G,w,c) is stable if v$(G) = v°(G). Recall that v(G) =
mingey || denotes the minimum number of fractional odd cycles. As already
noted by Koh and Sanita [36] for the unit-capacity case, we have the following.

Proposition 3.1. A graph (G, w,c) is stable (v§(G) = v°(G)) if and only if
Y(G) = 0.

From this proposition it easily follows that not all graphs are stable, for ex-
ample, odd cycles. The stabilization problem follows naturally: minimally
modifying a graph to turn it into a stable graph, that is, such that the mod-
ified graph satisfies v$(G) = v°(G). Or equivalently: minimally modifying a
graph to ensure the existence of a stable outcome for the network bargain-
ing game on the modified graph. Stabilization problems attracted a lot of
attention in the literature in the past years, see for example [1, 8, 9, 11, 12,
13, 30, 36, 37]. The modifications that we consider are removing vertices,
decreasing the capacity of vertices, and removing edges. In the context of net-
work bargaining games, these modifications correspond with blocking players
completely, blocking part of the capacity of players, and blocking interactions
between players, respectively. Previous work studied these modifications on
unit-capacity graphs. We instead study them on capacitated graphs.

In Part IT of this dissertation we study the following stabilization problems.

The vertex-stabilizer problem: Given a graph G = (V,E) with edge
weights w € Rgo and vertex capacities ¢ € Z‘z/oa find a minimum-cardinality
subset S C V' of vertices such that v$(G\ ) =v¢(G'\ 5).

The capacity-stabilizer problem: Given a graph G = (V, E) with edge
weights w € Rgo and vertex capacities ¢ € Z‘Z/O, find a minimum-cardinality
multiset S of vertices V' such that v¢(Gles — 1]) = v¢(Gles — 1)).

The edge-stabilizer problem: Given a graph G = (V, E) with edge weights
w € REO and vertex capacities ¢ € Z‘;O, find a minimum-cardinality subset
F C E of edges such that v§(G'\ F) = v°(G \ F).

The M-vertex-stabilizer problem: Given a graph G = (V, E) with edge
weights w € Rg and vertex capacities ¢ € ZZO, and a c-matching M in G, find

a minimum-cardinality subset S C V of vertices such that vi(G\S) = v¢(G\9)
and M is a maximum-weight c-matching in G'\ S.

The M-edge-stabilizer problem: Given a graph G = (V, E) with edge
weights w € REO and vertex capacities ¢ € ZZO, and a c-matching M in G, find
a minimum-cardinality subset F' C E of edges such that v§(G\ F) = v*(G\ F)
and M is a maximum-weight c-matching in G \ F.
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We refer to the subsets we are looking for in the above problems as ...-
stabilizers: for example, a subset S C V' such that v$(G \ S) = v(G'\ 5) and
M is a maximum-weight c-matching in G\ S, is called an M-vertex-stabilizer.

In Chapter 4 we discuss the vertex-, capacity- and edge-stabilizer problem,
and in Chapter 5 we discuss the M-vertex- and M-edge-stabilizer problem.

Below we discuss the known results, and our results, for these problems. We
also discuss related work and open problems.

Known Results: Vertex-Stabilizer. Ahmadian et al. [1] and Ito et al. [30]
discuss the vertex-stabilizer problem on unit-weight, unit-capacity graphs.
Both prove that the vertex-stabilizer problem in this setting is polynomial-
time solvable. In addition, Ahmadian et al. [1] state that for any minimal-
cardinality vertex-stabilizer S C V, we have v(G \ S) = v(G), that is, S does
not decrease the cardinality of a maximum matching. Koh and Sanita [36]
generalize these results to weighted graphs. In particular, they state that
the problem is polynomial-time solvable, and that the set S C V that they
compute satisfies (G \ ) > 2v(G).

Our Results: Vertex- and Capacity-Stabilizer. We prove that on unit-
weight, capacitated graphs the vertex-stabilizer problem is NP-hard, and even
APX-hard already when ¢ < 3. We give stronger inapproximability results for
arbitrary capacity values. These results are presented in Section 4.1.

Another way to generalize the vertex-stabilizer problem to capacitated graphs,
is by reducing the capacity of vertices: When a vertex has capacity one, re-
ducing its capacity by one is the same as removing the vertex. We extend
the algorithm of Koh and Sanita [36] to capacitated graphs by reducing the
capacity of vertices, and show that v°(Glcs — 1]) > 2v°(G) is still satisfied
for the computed set S C V. Our solution reduces the capacity of each ver-
tex by at most one, which is fair in terms of the network bargaining game,
as no player will have its capacity dramatically reduced compared to others.
Restricted to unit-weight graphs (still capacitated), we generalize the result of
Ahmadian et al. [1], that any minimal-cardinality capacity-stabilizer S satis-
fies v¢(Gles — 1]) = v°(G), that is, S does not decrease the cardinality of a
maximum matching. This, in particular, also holds for the set S computed by
our algorithm. These results are presented in Section 4.3.

Besides extending the previous known results to the capacitated setting, what
we find interesting are the new arguments we rely on in our proofs. Previous
results mainly used combinatorial techniques. We here instead rely on (new)
polyhedral arguments and, in particular, on the notion of circuits of a polytope,
which are a key concept in optimization. The main algorithmic idea behind
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the algorithm of Koh and Sanita [36] is the fact that the minimum number
of fractional odd cycles in the support of a basic maximum-weight fractional
matching provides a lower bound on the size of a stabilizer. Interestingly, our
polyhedral view point allows us not only to deal more broadly with capacitated
instances, but also to simplify some of the cardinal arguments previously used
in the literature: in particular, our lower bound proof is more general and much
simpler than the corresponding one in Koh and Sanita [36] for the unit-capacity
setting. The (new) polyhedral tools that we use are presented in Section 4.2.
Even though we apply these polyhedral tools only to the fractional c-matching
polytope, our main result applies to polytopes in general.

Known Results: Edge-Stabilizer. Bock et al. [11] discuss the edge-sta-
bilizer problem on unit-weight, unit-capacity graphs. They state that this
problem is NP-hard, and no efficient (2 — €)-approximation algorithm exists
for any € > 0 assuming the Unique Games Conjecture (Khot [33]). In ad-
dition, they state that for any minimum-cardinality edge-stabilizer F* C F,
we have v(G \ F') = v(G), that is, F' does not decrease the cardinality of a
maximum matching. Koh and Sanita [36] discuss the edge-stabilizer problem
on weighted, unit-capacity graphs. They state that there is no constant factor
approximation algorithm possible, unless P = N P. In addition, they give an
O(A)-approximation algorithm, where A is the maximum degree in the graph.

Our Results: Edge-Stabilizer. We extend the O(A)-approximation algo-
rithm of Koh and Sanita [36] to capacitated graphs. Restricted to unit-weight
graphs (still capacitated), we generalize the result of Bock et al. [11], that any
minimum-cardinality edge-stabilizer F' C E satisfies v¢(G \ F') = v¢(G), that
is, F' does not decrease the cardinality of a maximum matching. We note that
in weighted, capacitated graphs, there always exists an edge-stabilizer F' C FE
that satisfies v°(G \ F) = v°(G), but that the size of such an edge-stabilizer
could be much larger than the size of a minimum edge-stabilizer. These re-
sults are presented in Section 4.4. Here we also rely on the polyhedral tools
presented in Section 4.2.

Known Results: M-Vertex-Stabilizer. Ahmadian et al. [1] discuss the
M -vertex-stabilizer problem on unit-weight, unit-capacity graphs, and they as-
sume the given matching is maximum. They state that the M-vertex-stabilizer
problem in this setting is polynomial-time solvable. Koh and Sanita [36] state
that the M-vertex-stabilizer problem on unit-weight, unit-capacity graphs
is NP-hard, and no efficient (2 — ¢)-approximation algorithm exists for any
g > 0 assuming the Unique Games Conjecture (Khot [33]). Furthermore, they
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give an efficient 2-approximation algorithm on weighted, unit-capacity graphs,
which is even an exact algorithm if the given matching has maximum weight.

Our Results: M-Vertex-Stabilizer. We extend the 2-approximation/
exact algorithm of Koh and Sanitd [36] to capacitated graphs, by building
upon an auxiliary construction of Farczadi et al. [21]. These results are pre-
sented in Section 5.1.

Known Results: M-Edge-Stabilizer. Bock et al. [11] discuss the M-edge-
stabilizer problem on unit-weight, unit-capacity graphs, and they assume the
given matching is maximum. They state that the M-edge-stabilizer problem
in this setting is NP-hard, and no efficient (2 — ¢)-approximation algorithm
exists for any € > 0 assuming the Unique Games Conjecture (Khot [33]).
Furthermore, they give an efficient 2-approximation algorithm.

Our Results: M-Edge-Stabilizer. We generalize the 2-approximation al-
gorithm of Bock et al. [11] to capacitated graphs and arbitrary given matchings.
On the other hand, we show that a straightforward generalization of their 2-
approximation algorithm to weighted graphs does not work. These results are
presented in Section 5.2.

Related Work. Stabilizer problems have been studied extensively in the
literature, see Chandrasekaran [12] for a survey on the subject. We have
already mentioned the stabilizer variants that we study in this dissertation,
but there are more. Here we mention some known results of other stabilizer
variants.

Ahmadian et al. [1] and Ito et al. [30] also discuss a vertex-weighted variant of
the vertex-stabilizer problem, on unit-(edge-)weighted, unit-capacity graphs.
Here each vertex has a nonnegative weight, which represents the cost of re-
moving this vertex. Both show that this problem is NP-hard.

In addition, Ito et al. [30] study stabilizing by adding vertices or edges, on unit-
weight, unit-capacity graphs. They show both problems can be solved in poly-
nomial time. They also consider an edge-weighted variant of the edge-addition-
stabilizer problem, where each possible edge has a nonnegative weight, which
represents the cost of adding this edge. They show that this problem is NP-
hard.

Chandrasekaran et al. [13] study the minimum fractional additive stabilizer
problem. In this problem one is given a unit-weight, unit-capacity graph G =

(V, E), and the goal is to find a vector ¢ € Rgo with minimum }_ 5 c. such
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that the graph G with edge weights 1+ ¢ is stable. They give hardness results
for this problem, and a nearly matching approximation algorithm.

A slightly different, but related problem is the problem of finding the minimum
number of blocking pairs. For a unit-capacity network bargaining game and
allocation y, a blocking pair is a pair uv € E of players such that y, +v, < Wye-
Biré et al. [9] show that this problem is NP-complete, even on unit-weight
graphs. Konemann et al. [37] give an approximation algorithm for finding
a minimum number of blocking pairs in sparse graphs. The blocking value
of a blocking pair wv € E is wyy — Yy — Y. Biré et al. [8] show that, for
weighted graphs, finding the minimum number of blocking pairs, and finding
the minimum total blocking value, are NP-complete problems. In general,
the set of all blocking pairs of an allocation y is not an edge-stabilizer, as for
example pointed out by Koénemann et al. [37]. Even so, the hardness proof
of Biré et al. [8] does work for edge-stabilizers, hence also proving that the
edge-stabilizer problem is NP-complete on weighted graphs.

Open Problems. Koh and Sanita [36] show that the vertex-stabilizer prob-
lem is polynomial-time solvable if ¢ = 1, and we show that it is APX-hard
already when ¢ < 3. It remains to determine the hardness of the vertex-
stabilizer problem for ¢ < 2.

We note that there always exists a weight-preserving edge-stabilizer, but that
in general, minimum edge-stabilizers are not weight-preserving. Koh and
Sanita [36] show that there is no constant factor approximation algorithm
possible for the edge-stabilizer problem, unless P = NP. Their proof also
applies to the weight-preserving edge-stabilizer problem. This leaves finding a
nonconstant approximation algorithm for the weight-preserving edge-stabilizer
problem.

We show that, for the M-edge-stabilizer problem, a straightforward gener-
alization of the 2-approximation algorithm of Bock et al. [11] to weighted
graphs does not work. It remains to find an approximation algorithm, and per-
haps a stronger hardness result, for the M-edge-stabilizer problem on weighted
graphs.

3.2 Cooperative Matching Games

Cooperative matching games were introduced in the seminal paper of Shapley
and Shubik 50 years ago [50], and have been widely studied since then. Co-
operative matching games have also been studied in the capacitated setting,
for example by Biré et al. [10]. Instances of cooperative matching games are
described by a graph G = (V, E) with edge weights w € RZ, (and vertex
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capacities ¢ € Z‘;O), where the vertices model the players. The value of a
maximum-weight (c-)matching, v(G) (v¢(G)), is the total value that players
can collectively accumulate. We next formulate cooperative matching games
formally, on unit-capacity and capacitated graphs.

In a unit-capacity instance of CMG, each player can participate in one coalition
with a subset of other players. If a subset of players S C V forms a coalition,
they can distribute the value of a maximum-weight matching in G[S] (v(G1S]))
among themselves. We define an allocation vector y € RY,, where y, is the
value allocated to player v € V. An allocation is stable if ) oo > v(G[S])
for all S C V, which means no subset of players has an incentive to deviate
from the current set of coalitions, to form a coalition on their own. We are
interested in the core of CMG, which consists of all stable allocation vectors
when the grand coalition (S = V) is formed. The core is formally defined as

core(G) = {y € R‘Z/O : Zyv > v(G[S])VS CV, Z Yo = V(G)} .

veES veV

In a capacitated instance of CMG the value of subsets is instead given by
maximum-weight c-matchings. The above applies by replacing all v by v°.

We sometimes refer to unit-capacity cooperative matching games as matching
games, and to capacitated cooperative matching games as c-matching games.

In Part III of this dissertation we consider two problems that involve coop-
erative matching games. We introduce these two problems in the next two
sections.

3.2.1 Core Separation of 2-Matching Games

In Chapter 6 we consider 2-matching games, which are c-matching games with
¢y, < 2 for all players v € V. We are interested in the problem of separating
over the core:

Determine if a given allocation y € RV belongs to the core, or find a coalition
that violates the corresponding constraint in

y(S) > ve(G[S]) for all S C V, y(V)=rG). (3.1)
Known Results. Separating over the core of matching games is solvable
in linear time; given y € R;O with y(V) = v(G), it is equivalent to checking

if Yy + Yo > Wy, for all edges wv € E. In fact, the core admits a compact
LP formulation: g is in the core if and only if y is a minimum fractional
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vertex cover with total value v(G). This was first shown for bipartite graphs
by Shapley and Shubik [50], and later generalized to arbitrary graphs by for
example Deng et al. [17] and Paulusma [42]. Differently, Bir6 et al. [10] show
that separating over the core of c-matching games (which they call multiple
partners matching games) is co-NP-complete, even on bipartite graphs with
¢ =3 and w = 1 (see Theorem 13 in Biré et al. [10]). On the other hand,
2-matching games seem to still behave nicely: they state that separating over
the core of 2-matching games is solvable in polynomial time (see Theorem 12
in Biré et al. [10]). However, their proof contains a flaw.

Our Results. Our first result is to fix the flaw in the proof of Theorem 12
in Biré et al. [10], hence showing that separating over the core of 2-matching
games is solvable in polynomial time. We show this in Section 6.1. Hav-
ing a polynomial-time separation oracle over the (convex) set of core alloca-
tions, implies that we can optimize over the corresponding polytope in polyno-
mial time via the ellipsoid method (Grotschel et al. [25], Grotschel et al. [26],
Khachiyan [32]). A natural question is then whether there exists a compact ex-
tended formulation for it. In fact, there exist polytopes for which a polynomial-
time separation oracle is known, but no compact extended formulation exists,
such as the perfect matching polytope (Rothvoss [45]). Our second result is a
positive answer to this question: there exists a compact extended formulation
that describes the core of 2-matching games. We show this in Section 6.2.

Open Problems. The compact LP formulation for the core of matching
games implies that the core is nonempty if and only if the graph is stable.
(This relation is explored more in Section 3.3.) Consequently, the stabilization
results for unit-capacity graphs also apply to matching games, in the sense
that they ensure a nonempty core. For c-matching games, having a nonempty
core is not equivalent to stability of the graph, which leaves the problem of
stabilizing c-matching games. And perhaps our compact extended formulation
can be exploited for stabilizing 2-matching games.

3.2.2 Two-Stage Assignment Games

In Chapter 7 we study a two-stage stochastic version of the assignment game.
The assignment game is a matching game on a bipartite graph. A two-stage
problem is a problem split in two stages, where the instance can change be-
tween the stages, and the objective is typically to minimize the difference
between the solutions of the two stages. In a two-stage stochastic problem,
the second-stage instance is sampled from a probability distribution. Studying
combinatorial problems in the two-stage setting is a popular area of research
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(see for example [4, 14, 27, 39, 44, 51, 52]). Recently, this setting has been
studied for prominent game theory problems such as stable matchings (Bampis
et al. [5], Faenza et al. [20]). In particular, Faenza et al. [20] study a two-stage
stochastic stable matching problem where in the second stage the set of ver-
tices changes. It seems natural to study this setting applied to other promi-
nent games involving the structure of matchings. We here study this two-stage
stochastic setting in the context of cooperative matching games. We focus on
assignment games, that is, cooperative matching games on bipartite graphs,
because they are guaranteed to have a nonempty core.

Given a first-stage assignment game instance, in a second stage we can have
some players leaving the game, new players joining the game, and/or some
additions and removals in the edge set of the original instance. Formally, we
represent this as having a new graph describing the instance in the second
stage, that can be any bipartite graph as long as it keeps the same bipartition
as the first-stage graph for the vertices that stay in the game. The second-stage
instance is sampled from some distribution D. We denote the starting (first-
stage) graph by Go = (Vp, Ep), and for any second-stage scenario S ~ D, we
denote the corresponding graph by Gs = (Vs, Es). We want to compute a core
allocation in both stages. The goal is to minimize the expected total loss of
the remaining players (that is, decrease in allocation value). Mathematically,
the two-stage stochastic assignment game is

min  Eg. min A _ .51t : 9SAG
y€Ecore(Go) S~D ysecore(GS)ye%\/s U[yv yv] ( )

where [z]T = max {0,z}, and X\ > 0 is the dissatisfaction of players per unit
loss of allocation value.

Our results. We first consider the setting where the probability distribution
D is given explicitly in Section 7.1. We observe that the problem can be
modeled as an LP, and hence it is solvable in time polynomial in the size of
the graph and the number of second-stage scenarios. Interestingly, we prove
that the feasible region is an integral polyhedron. For this, we show that the
problem can be modeled as a flow problem in a suitable auxiliary graph, and
then exploit duality. We leverage this integrality result in two ways.

First, we exploit it when considering a probability distribution given implicitly,
as described in Section 7.2. The integrality result allows us to mimic the
arguments used in Faenza et al. [20] for two-stage stable matching, hence
showing that in this setting the problem is computationally hard to solve, but
it can be approximated using the well-known sample average approximation
(SAA) method (Kleywegt et al. [35]).
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Second, the integrality property reveals a close relationship with the well-
known multistage vertex cover problem, which we discuss in Section 7.3. It is
known that the multistage vertex cover problem is NP-hard even with only two
stages and a bipartite graph at each stage (Fluschnik et al. [23]). However,
as a consequence of our findings, we can show that the problem becomes
polynomial-time solvable when the bipartition remains consistent across all
stages.

3.3 Connection Between the Games

As briefly touched upon in Chapter 1, network bargaining games and coopera-
tive matching games seem quite related. And, indeed, they are. In this section
we explore the connection between the existence of stable outcomes for NBG,
the existence of stable allocations for CMG (nonempty core), and stability of
the graph, that is, the property v;(G) = v(G) in unit-capacity graphs, and the
property VJ%(G) = v°(@) in capacitated graphs. In particular, we show that
these three properties are equivalent in unit-capacity graphs, and that this
equivalence does not completely extend to capacitated graphs. We conclude
this section with a remark about what consequences this equivalence has for
the stabilization problem.

Theorem 3.1. Given a graph (G,w, 1), the following are equivalent:
(i) G is stable (v;(G) = v(G)),
(ii) there exists a stable outcome for the network bargaining game on G,

(iii) there exists an allocation in the core of the cooperative matching game
on G.

The first part of this equivalence, (i) <= (ii), follows from Kleinberg and
Tardos [34], and the second part, (i) <= (i), is given in Theorem 1 in Deng
et al. [17]. We also give an alternative proof.

Proof. ((i) = (i7)) Since G is stable, we have v(G) = 74(G). That means there
exists a maximum-weight matching M and a minimum fractional vertex cover
y that both have total value v(G). We show that (M, y) is a stable outcome.
Let = be the indicator vector of M, then x is a maximum-weight fractional
matching. Complementary slackness tells us that x,, = 0 or y, + ¥y, = Wy, for
all edges uwv € E, and y, = 0 or 2(d(v)) = 1 for all vertices v € V. Tt follows
that, if uv € M, that is, if x,, = 1, then y, + y, = wyy, and if v is exposed,
that is, if 2(d(v)) = 0, then y, = 0. So (M,y) is an outcome. Furthermore,
because y is a fractional vertex cover, we have y, + y, > w,, for all edges
wv € E. Hence, (M, y) is a stable outcome.

w
Ut
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((#5) = (4)) Let (M,y) be a stable outcome. Then y is a fractional vertex
cover, as Yy, + Yy > Wy, for all edges uv € E and y > 0. Thus, 74(G) < 17y.
Furthermore, we know that (M, y) satisfies ¥, +y, = Wy, if uv € M and y,, = 0
is v is exposed. This implies ) .y y» = w(M). Finally, M is a matching,
so w(M) < v(G). Combining all of this, we find that 7/(G) < v(G), which
implies that G is stable.

(() = (44i)) Since G is stable, we have v(G) = 7¢(G). That means there exists
a fractional vertex cover y with total value v(G). We show that y is in the
core. First note that y € RY is an allocation, and that the total value of y is
v(G). Let S C V, and let M be a maximum-weight matching in G[S]. Note
that V(M) C S. We have

V(G[S]): Z Wy < Z Yu + Yo = Z yvgzyva

uveM uveM veEV (M) veS

so y is stable, and hence, y is in the core.

((#ii) = (i)) Let y be an allocation in the core. Then, y € RY(, > vy >
v(G[S]) for all S C V, and Y o, y» = v(G). If we choose S = {u,v} for
any edge uwv € F, the inequality tells us that y, + vy, > wy,. Hence, y is a
fractional vertex cover of total value of v(G). It follows that 74(G) < v(G),

which implies that G is stable. O

This equivalence does not completely extend to capacitated graphs: We still
have (i) <= (i), proven in Corollary 3.3 in Bateni et al. [7], and (i) =
(ii7), which follows from Lemma 3.4 in Bateni et al. [7]'. However, (iii) =&
(i), (4i), which was shown using an example in Theorem 11 in Biré et al. [10]%.
We again also give an alternative proof.

Theorem 3.2. Given a graph (G, w,c), and the following statements:
(i) G is stable (V§(G) = v°(G)),
(i) there exists a stable outcome for the network bargaining game on G,

(iii) there exists an allocation in the core of the cooperative matching game

on G,
we have (i) < (i) and (i) = (iii), but (ii1) == (), ().
Proof. ((i) = (ii)) Since G is stable, we have v°(G) = 7§(G). Let M be a

maximum-weight c-matching with indicator vector z, and let (y, z) be a mini-
mum fractional vertex cover. Because G is stable, they satisfy complementary

1Bateni et al. [7] assume that the graph is bipartite, but bipartiteness is not needed in
their proof.

2Bir6 et al. [10] actually investigates the relation between CMG and the stable fixtures
problem with payments, but the latter turns out to be the same as NBG.
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slackness (see Equation (2.2)). We define a € Rﬁ_E as ayy = Yu + %zw if
Zyy = 1 and a,, = 0 otherwise. We show that (M, a) is a stable outcome. By
definition we already have a,, = Gy, = 0 if uv ¢ M. Let uv € M, we have

Quy + Gy = Yu + %Zuv +Yu + %Zvu = Yu + Yo + Zuv = Wayv,

where the last equality holds by complementary slackness. Hence, (M, a) is
an outcome. We verify (M, a) is stable. Consider a,, for some edge uv € M.
We make a distinction between three cases:

(1) ap, =0,
(2) @y = Wy for some w such that uvw ¢ M and w unsaturated,

(3) @y = Wyw — Qg for some w,x such that vw ¢ M, wx € M and w
saturated.

In case (1) we clearly satisfy a,, > a,,. In case (2), we have Yy, +Yuw+2uw > Wyw
by feasibility of (y,z) and y,, = 0 and z,, = 0 by complementary slackness.
Hence, 4, > wyw. Then,

— 1 —
Ouy = Yu T 5200 2 Yu = Wyw = Oy

In case (3) we have Yy, + Yuw + Zuw = Wuw by feasibility of (y, z), and 2, =0
by complementary slackness. Hence, 4, + ¥ > Wyy. Then,

Ay = Wy — Qe < Yu + Yw — (yw + %sz) = Yu — %wa

< Yu < Yu + 3200 = Quo-

In all cases we have a,, > a,. Now consider «, for some unsaturated vertex
u. Since M is a maximum-weight matching, we have that all vertices v such
that uv ¢ M must be saturated. Hence,

a, = max | 0, max wy, — 1 [d{,\/l = cv} min a.,, |,
wvg M vweM

. 1
= max [ 0, max w,, — min + sz
( 7uv¢M uv vaMyU 2 vw) ’

1 .
= max 0 max w. — — 5 Imin Zz .
( ,UUQM uy Yo 2 yweM 'uw>

We have y, 4+ Yy + zuy > Wy by feasibility, and y, = 0 and z,, = 0 by

complementary slackness, for any uv ¢ M. Hence, y, > wy,, or equivalently,
Wyy — Yo < 0 for any wv ¢ M. Then,

Wyy — Yo — % min 2y, < -1 ml% Zow <0,
w

vweM 2 VWE

w
~
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for any uv ¢ M. Consequently, o, = max{0,< 0} = 0, and so (M,a) is a
stable outcome.

((i3) = (i)) Let (M, a) be a stable outcome. Let x be the indicator vector of
M, and define (y, z) as follows:

Yo = Miyyep uyy  if d{y = Cuy, ) Wy = Yu — Yo if uv € M,
“ 0 otherwise, “ 0 otherwise.

Observe that x and (y, z) are defined in such a way that they satisfy comple-
mentary slackness (see Equation (2.2)). Since z is the indicator vector of M,
it is feasible for v“(G), and hence also for v¢(G). If in addition (y, z) is feasi-
ble for 7§(G), then by complementary slackness, x and (y, z) form an optimal
primal-dual pair for v$(G) and 7§(G). Therefore, wle = ve(G) = v4(G) >
w(M) = w'z, which implies G is stable. It remains to verify that (y, z) is a
fractional vertex cover.

By definition we have y > 0. Let uv € M, then we have

Yu + Yo S min Ay + min Ay S Ay + oy = Wyy-
uweM vweM

The first inequality holds by definition of y and the last equality by definition
of outcome. So, we have y, + vy, < wy, for all uv € M. It follows that z > 0.
To check the constraints y, + Y, + Zuy > Wy, for all wv € E, we make a
distinction between three cases:

(a) wv e M,

(b) uwv ¢ M, dM =c, and dM = ¢,

(c) wv¢ M, dM =c, and dM < c,.
If wv ¢ M, at least one of u and v is saturated, because M is a maximum-
weight c-matching. The case that only v is saturated is similar to case (c),

and can be argued in the same way. In case (a) the constraint is satisfied, and
even holds with equality, by construction of z. In case (b) we have

yu+yv+zuv = min auw+ min Ayg Z au+av Z Wy _yv+wuv — Yu,
uweM veeM

where the first inequality holds because (M, a) is stable. We can rewrite this
inequality as 2(y, + yu) + Zup > 2Wy,. By definition z,, = 0, so we can divide
both sides by two to find that the constraint is satisfied. In case (c¢) we have

Yu + Yo + 2o = MiN Gy 2> Qy 2 Waws
uweM
where the first inequality holds because (M, a) is stable. This shows that the

constraint is also satisfied in this case. Therefore, (y, z) is a fractional vertex
cover.
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((i) = (i11)) Let (y, z) be optimal for 7¢(G). Since G is stable, cly+1Tz =
v(G). We define y; = colo + v e %zuy for all v € V. We show that y* is
an allocation in the core. Note that y* > 0,and }_, oy ys = ¢'y+17z =v¢(G).
It remains to show that y* is stable. Consider any S C V. Let M be a
maximum-weight c-matching in G[S], so w(M) = v°(G[S]). We have

Z Wy < Z Yu + Yo + 2Zup < Z CvYo + Z Ruvs

uveEM uveEM veV (M) uveM

where the first inequality holds because (y, z) is a fractional vertex cover, and
the second because on the left hand side y,, is counted dy times, and dﬂJ < ¢y
Since V(M) C S, M CE(S)CE, y>0and z >0, we have

) < Z Cylfy + Z Ruv = Z ColYv + Z %Zuv ;

veS uwveE(S) veS w:uv€E(S)
1
<> (vav + 2 zZuv) =2 v
vES wuveER veS

Hence y* is stable, and so y* is in the core.

((#1) =4 (i)) We prove this by giving a graph for which there is an allocation
in the core, but which is not stable. Let G be the graph given in Figure 3.1.
It is quite easy to see that v°(G) = 3 and v§(G) = 3.5, thus G is not stable.
One can check that y = (1,1,1,0) is in the core.

2 2 1

’, 1
. 1
1

2 1 1

Figure 3.1: The graph G with unit-weights. On the left: the graph
G where the values close to the vertices indicate the capacities. Bold
edges indicate a maximum c-matching. On the right: the graph G where
the values close to the vertices indicate the allocation y. A maximum

fractional c-matching is given by z. = % for dashed edges, z. = 1
otherwise.
((i4i) =% (1)) Follows directly from (ii4) =~ (i) and (it) = (4). O

The next corollary follows from the proof of (i1) = (7).

Corollary 3.1. Given a graph (G,w,c), if (M,a) is a stable outcome for the
network bargaining game on G, M is a mazximum-weight c-matching in G.
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As a consequence of Theorems 3.1 and 3.2, the stabilization problem we dis-
cussed before in Section 3.1.1 also applies to matching games, but not to
c-matching games. In particular, in unit-capacity graphs, stabilizing a graph
with the minimum number of modifications also means ensuring a nonempty
core for cooperative matching games with the minimum number of modifi-
cations. On the other hand, in capacitated graphs, stabilizing a graph with
the minimum number of modifications, does ensure a nonempty core for co-
operative matching games, but not necessarily with the minimum number of
modifications. The previously known stabilization results study stabilization
problems on unit-capacity graphs, and hence minimally stabilize both network
bargaining games and cooperative matching games. We instead consider sta-
bilization problems on capacitated graphs, and hence minimally stabilize only
network bargaining games.
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Stabilization






Chapter 4

The Stabilizer Problem

In this chapter we discuss the vertex-, capacity- and edge-stabilizer problems,
which we defined before as follows.

The vertex-stabilizer problem: Given a graph G = (V,E) with edge
weights w € Rgo and vertex capacities ¢ € Z‘Z/O, find a minimum-cardinality
subset S C V' of vertices such that v$(G \ ) = v¢(G'\ 5).

The capacity-stabilizer problem: Given a graph G = (V, E) with edge
weights w € Rgo and vertex capacities ¢ € Z‘z/oa find a minimum-cardinality

multiset S of vertices V such that v4(Glcs — 1]) = v*(Gles — 1]).

The edge-stabilizer problem: Given a graph G = (V, E) with edge weights
w € REO and vertex capacities ¢ € Z‘;O, find a minimum-cardinality subset
F C E of edges such that v5(G'\ F) = v°(G \ F).

We start by showing the hardness of the vertex-stabilizer problem in Sec-
tion 4.1. In Section 4.2 we state our polyhedral results, which we use in the
following sections. Finally, in Sections 4.3 and 4.4 we give our results for the
capacity- and edge-stabilizer problem, respectively.

Section 4.1 is based on (part of) [V1]. Sections 4.2 to 4.4 are based on [V3].

4.1 Vertex-Stabilizer

We start by proving the vertex-stabilizer problem is APX-hard already when
c<3.

Theorem 4.1. The vertex-stabilizer problem on capacitated graphs is APX-
hard, even if all edges have unit-weight and ¢ < 3.
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We use a reduction from the well-known vertex cover problem.

Minimum Vertex Cover: Given a graph G = (V, E), find a vertex cover
of minimum cardinality, where a vertex cover is a set C C V such that every
edge in E is incident to at least one vertezx in C'.

It is known that Minimum Vertex Cover is APX-hard even in subcubic graphs,
that is, graphs where each vertex has degree at most 3 (Alimonti and Kann [2]).

Proof of Theorem 4.1. Given a graph G, we construct an instance (Gr, 1, ¢) of
the vertex-stabilizer problem as follows.

For a pair of adjacent vertices u and v in G, we replace the edge e = uv with
a gadget Iy, consisting of vertices V(I',,,) and edges E(Ty,):

V(Tuy) = {u,v,e1, €2, 3, €4},
E(Ty,) = {uey,ver, e1ea, eae3, eaeq, €364 }.
See Figure 4.1 for reference. For each gadget I'y,, we set the capacities of
€3 €4
e
el
u v

Figure 4.1: Example of the gadget T, .

uw and v (in Gr) to their respective degrees in G (at most 3 by assumption).
Furthermore, we set the capacity of e; to 2, and the capacities of ey, e3, and
e4 all to 1. The edges are set to have unit-weights. Note that ¢ < 3. The key
point is:

Claim 4.1. G has a vertex cover of size at most k if and only if (Gr, 1, ¢) has
a vertex-stabilizer of size at most k.

Proof. (=) Let C be a vertex cover of G such that |C| < k. Note that C
corresponds with a subset of the vertices in Gr. We claim that C' is a vertex-
stabilizer of Gr. To see this, we create a c-matching and fractional vertex
cover in Gr \ C that satisfy complementary slackness, therefore proving that

Gr \ C is stable.
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Note that no gadget Iy, in Gr \ C retains both u and v, because C' is a vertex
cover of GG. Therefore, in each gadget Iy, we can consider the c-matching

Mp,, = |J {et}u{eses}.

te{u,v,e2}\C

uv

Then M = queE(G) My, is a c-matching in Gr \ C, by the choice of capacity
of each vertex from V. We next construct a fractional vertex cover (g, %),
where:

e j; = & for all t € Ue—yver{es, €3, €4}, and g = 0 otherwise (that is, for
all t € Ue—yvep{ert UV),

® Zy = % for all edges f € FE(Gr) with f = ejey for some e = uv € E,
Zr =1 for all edges f € E(Gr) with f = eju, ejv, for some e = wv € E,
and Zy = 0 otherwise.

One can check that M and (g, Z) satisfy complementary slackness.

(<) Let S’ be a vertex-stabilizer of (Gr,1,c¢) with cardinality |S’| < k. We
will find a vertex cover of G with size at most k using the following claim:

Claim 4.2. S’ contains at least one vertex from every gadget T, of Gr.

Proof. Suppose for the sake of contradiction that there is a gadget I'y,, of Gp
which does not contain any vertices of S’. Since Gr\ S’ is stable, the associated
c-matching LP has an integral optimal solution x*.

Construct a vector T as follows:
o 7y =z} forall f € E(Gr)\ E(T'y),
® Tye, = Tyey, = 1,
® Tepe, =0,
® Tegey = Tegey = Tegey = 5

Note that T is a feasible solution of the c-matching LP, and ZeeE(Fw) T. = 3.5.
However, observe that ZeeE(Fw) 2 < 3. To see this, note that the graph has
unit-weights and each matched edge uses two capacity units (one for each of
its endpoints). The total capacity that edges in I',, can use in any matching is
at most » <y, ) min{cg, qu(F““)} =7 (31 for ey, e3, eq, plus 2 for ey, plus
2-1 for u,v). So any matching in this gadget has value at most 7/2 = 3.5. By
integrality of 2 we have 3 cpr, \Te =3.5>3 >3 cpr,,) e, and hence
ZSGE(GF) Te > ZGGE(GF) x%, which contradicts the optimality of *. O
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Let SI, =S5 NV(T,,) for each gadget T',. Create a new set T/, by

. {s;v N {u,0} if S, 0 {u, v} #0,
“w {u} xor {v} (chosen arbitrarily) otherwise.

Note that § # T, C {u,v} by construction of T, , and by Claim 4.2. Let

T" = Uver(e) Tiw- Since T” contains at least one of u and v for every gadget

Tuv, and does not contain any vertices in V(I'y,) \ {u, v}, then T” is clearly a

vertex cover in G. By construction, we have |T”| < |S’|, and so we have found

a vertex cover whose size is at most k. O

The above result shows that any minimum vertex-stabilizer of (Gr,1,¢) is of
the same size as any minimum vertex cover of G. Further, any efficient a-
approximation algorithm for the vertex-stabilizer problem would also yield an
efficient a-approximation algorithm for minimum vertex cover. Since minimum
vertex cover in subcubic graphs is APX-hard, this shows that the vertex-
stabilizer problem is APX-hard, even when ¢ < 3. O

The above hardness result uses bounded capacities for the vertices (¢ < 3). We
next show a stronger inapproximability result for arbitrarily large capacities.

Theorem 4.2. The vertez-stabilizer problem on capacitated graphs is NP-
complete, even if all edges have unit-weight. Furthermore, no efficient n'/3—¢-
approximation algorithm exists for any € > 0, unless P = NP.

Note that, given an unstable graph (G, w, ¢), removing all vertices (but two)
trivially yields a stable graph. This gives a (trivial) n-approximation algorithm
for the vertex-stabilizer problem. The theorem above essentially implies that
one cannot hope for a much better approximation. To prove it, we use:

Minimum Independent Dominating Set (MIDS): Given a graph G =
(V, E), compute a minimum-cardinality subset S C V that is independent (for
all wv € E at most one of u and v is in S) and dominating (for allv € V at
least one u € Nt (v) is in S).

There is no efficient n'~-approximation for any £ > 0 for the MIDS problem,
unless P = NP (Corollary 3 in Halldérsson [28]).

Proof of Theorem 4.2. The decision variant of the problem asks to find a
vertex-stabilizer of size at most k. This problem is in NP, since if a ver-
tex set S is given, it can be verified in polynomial time if |S| < k and if
v(G\ S) =v$(G\ S). We prove the NP-hardness and approximation factor
by giving an approximation-preserving reduction from the MIDS problem.
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4.1. Vertex-Stabilizer
Let G = (V, E) be an instance of the MIDS problem. For v € V', we define the
gadget ', by

V(F'U) = N+('U) U {U17U2,U‘3,'U4} )
ET,) = {UUI tu € N+(U)} U {0102, V203, V34, V24 } .

For e =uv € E and i € {1,...,n}, we define the gadget '}, by
AN P00 i i
V(Fuv) - {u,v,61,€2,63,64,65},
TN GRS AUV I S SRS A SRS S SN U B Y
E(T,,) = {ue, vey, eley, ejes, exel, ehes, eser | .

See Figure 4.2 for an example of these gadgets. Now let G’ be defined as the

B Qv G a—p
v .
2 y el
v .
1 ell
v N(v) u v
(a) Gadget I's. (b) Gadget T'%,.

Figure 4.2: Examples of gadgets.

capacity as follows: ¢, = af@) = (n+1)df +1forallveV, e, =df +1
for all v € V, ¢c.i = ¢ = 2 for et ey € V(Ii,) for all e = uwv € E and
i €{l,...,n}, and ¢, = 1 for all remaining v € V(G’). All edges are set to

have unit-weight. The key point is:

union of all I', and all I, such that vertices from V overlap. We set the

Claim 4.3. G has an independent dominating set of size at most k if and only
if (G',1,¢) has a vertex-stabilizer of size at most k.

Proof. (=) Let S be an independent dominating set of G of size k. The
vertices in S naturally correspond with vertices in G’. We show that S is a
vertex-stabilizer of (G',1,¢).

We define a c-matching M and fractional vertex cover (y, z) on G'\S as follows.
First, set y, =0 for allv € V'\ S.

Next, for all v € V, consider T',. Add {uv; : u € NT(v)\ S} U {viva,v304} to
M. Note that at least one vertex from N7 (v) is in S, since S is dominating.
Set yp, =0, Yy, =1, Yoy = Yo, = 0.5, 2. = 1 for all e € {uvy : u € NT(v)\ S}
and z, = 0 for the remaining edges in the gadget.
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Finally, for all e = wv € E and i € {1,...,n}, consider I/ . Since S is
independent, at most one of u and v is in S. If neither are in S, add both ue?
and ve} to M. If one of them is in S, without loss of generality let it be u, then
add ve} and efel to M. Furthermore, add eie} and eiel to M. Set Yei =1,
Yei =0, Yei = Yei, = Yei = 0.5, and zy = 0 for all edges f in the gadget.

Let = be the indicator vector of M. One can verify that « and (y, z) satisfy
the complementary slackness conditions for v$(G"\ S) and 7§(G"\ 5). Since
x is integral, this implies that G’ \ S is stable.

(<) Let S be a vertex-stabilizer of (G, 1,c¢) of size k. We show that: (i) S
contains at least one vertex of each gadget I',; (ii) without loss of generality,
one can assume that at most one of v and v is in S for each edge uv € F.

(i) Suppose for the sake of contradiction that there is some v € V such that S
contains no vertices of IT',,. Since G’\ S is stable, there is a maximum-cardinality
fractional c-matching z*, that is integral. Define for each e € E(G' \ S)

xf ifee E(G'\S)\ E[l'],

1 if e € {uvy :u e NT(v)},
Te =

0 if e = v1v9,

0.5 if e € {vqus, V304, V204 }.

Note that x is a fractional c-matching in G’ \ S, since 2* is. Furthermore
ZeeE[Fv] r. = d¥ 4+ 2.5. However, the total capacity that edges in I, can use

in any matching is at most 2dZ +5. So, Y oeeB[r,) e = df+25 > D ecr[r,) Tos
since x* is integral. Hence, 172 > 1T2*, contradicting the optimality of z*.

(ii) Suppose there is some e = uv € E such that S contains both v and v. All
gadgets I are then components in G'\ S. If u and v are the only vertices in S
from some component I, then a maximum-cardinality fractional c-matching
in this components is given by Zcioi = Teici =1 and Teiei = Teici = Teiei =
0.5. Which means this component is not stable and thus el \ S'is not stable
a contradiction. Hence, S must contain at least one vertex of each ', that is
neither u nor v. Consequently, k = |S| > n+2. Since G has only n vertices, it
obviously has an independent dominating set of size at most n, and hence of
size at most k. Such a set can for example be obtained by a greedy approach.
Hence, for the remainder of the proof we can assume that at most one of u
and v is in S for each uwv € E.

We now create a set S’ C V from S, that is an independent dominating set of
G of size at most k, as follows. Iterate over v € V. Let S, = SNV (T,). Note
that S, # 0 by (i). Define

o _ (S, US YN N*(v) if this is nonempty,
R otherwise.
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Set S’ =5’ US!, and repeat for the next vertex.

Clearly, all S!’s are nonempty, which means that S’ contains at least one vertex
from N7T(v) for all v € V, which means S’ is dominating.

Suppose for the sake of contradiction that S’ contains both u and v for some
edge wv € E. We know S does not contain both of them, by (ii). If S
contains exactly one of them, without loss of generality let it be u. Then,
when v is considered by the iterative process, (S, U S’) N NT(v) contains u,
but not v. In particular, this means that v is not added to S} and consequently
also not to S/, a contradiction. If S contains neither of them, then because
it is an iterative process, one of them is added first to S’. Without loss of
generality let it be u. Then again, when v is considered by the iterative
process, (S, US’) N NT(v) contains u but not v, so we reach a contradiction
in the same way. In conclusion, S’ is independent.

For all v € V, before we add S! to S’, we have |S] \ S'| < |S,|. Consequently,
S < Upev|Su| < [S| = k. O

By this claim, any minimum-cardinality vertex-stabilizer of (G’, 1, ¢) is of the
same size as any minimum independent dominating set of G. Further, note
that the number of vertices V' of G’ is O(|V|?), and any efficient O(|V’|)-
approximation algorithm for the vertex-stabilizer problem translates into an
efficient O(|V|?)-approximation algorithm for the MIDS problem. Hence, the
result follows from the inapproximability of the MIDS problem. O

4.2 Key Polyhedral Tools

Before we can state the capacity- and edge-stabilizer algorithms, we need some
new polyhedral tools. First, we have a theorem for a general polytope P, which
afterwards we apply to Prcm.

Theorem 4.3. Let P be any polytope, a'x < b be an inequality of the

description of P, and 6 € Rsg. Let T be an optimal solution of the LP
max{c'z : x € P,a'x < b— 6§}, such that (i) T is a vertex of P, (i) T
is not an optimal solution of the LP max{c'x : x € P}, and (iii) there is no
vertex T of P satisfying b — 8 < a'T < b. Then it is possible to move to an
optimal solution x* of max{c'z : x € P} from T in one step over the edges of
P (that is, there is an optimal vertex of P adjacent to T). (See Figure 4.5.)

Proof. Let x* be the optimal solution of max{c'z : 2 € P} that is the closest
vertex to T on P (that is, such that we need a minimum number of steps over
the edges of P to reach z* from 7). Note that a'Z = b —J and a'z* = b,
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a'z<b—26 T

5

Figure 4.3: Example of the situation described in Theorem 4.3.

otherwise T+ A(x* — T), for some small A > 0, and x*, respectively, contradict
the optimality of T. We need to show that T and z* are adjacent on P.

Let P ={x € P:a'z >b—6}. Then 7,z* € P’. Note that T and z* are
adjacent on P if and only if they are adjacent on P’. So for the remainder of
the proof we restrict ourselves to P’.

For the sake of contradiction, assume that T and z* are not adjacent on P’.
Then, the line segment of all their convex combinations, AT + (1 — \)a* for
0 < XA <1, is not an edge of P’. Hence, any point NZ + (1 — X)z* for
a fixed 0 < X < 1 is also a convex combination of other vertices of P’:
N+ (1= N)a* =", oy + Zj Bjz;, where o; > 0 for all 4, 8; > 0 for all j,
>+ Zj Bj =1, &; is a vertex of P’ with a'#; =b—§ for all 4, and Tjisa

vertex of P’ with aTEj = for all j. If we multiply both sides by a, we get

a' N+ (1-=N)z*)=a' (Zl i+, ﬁj@-) ,
= /\'(675)+(17/\')bzziozi(bf5)+zj B;b,
= b= XNo = (Sioi+ X, 8) b5, id,

hence, \" = >, a;, and consequently, 1 — X" = >, ;. We can also multiply
both sides by c. Here we use that T is an optimal solution of max{c'z : x €
P,a"z <b— 4§}, and that z* is an optimal solution of max{c'z : z € P}.

CT (A’f‘i’ (1 — )\’)gj*) = CT (Zz aii’i + Z] ﬂ]ij) = Zl OéiCTii’i + Z] BJCng
<3 T+ > BicTa* =Nz + (1= XN)e'
So we must have equality throughout. In particular, ¢'Z; = c¢'z*, that is,
all Z; are optimal solutions to max{c'x : z € P}. Note that all Z;’s are also
vertices of P. We show that we can choose some Z; to be adjacent to Z on P,
and hence, also on P, contradicting that z* is the optimal solution closest to
x.
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Let 2’ be a vertex of P’ that is adjacent to T, such that az’ = b (such an
x' must exist). Consider the line segment between ' and Nz + (1 — X)a™:
pr' + (1 — )Nz + (1= N)z*) for 0 < g < 1. For p < 0, this line segment
extends beyond AT + (1 — X)z*. If this line for ¢ < 0 is still in P’, then we
can write AN'Z + (1 — X )a* as a convex combination of =’ and some other #;’s
and ;’s. Since az’ = b, by our previous discussion we find that z’ is optimal,
reaching our desired contradiction. Otherwise, A'Z + (1 — X)a* must be at the
boundary, a face, of P’. Because N'Z + (1 — X )z* is in this face, the whole line
segment AT+ (1 — A)z* for 0 < A < 1 must be in this face. We can then repeat
the argument, replacing P’ by this face. Since this face has strictly smaller
dimension than P’ we either find a contradiction in one of the iterations, or we
reach a face of dimension one, that is, an edge of P’. Since this edge contains
the whole line segment AT + (1 — A)z* for 0 < A < 1, the line segment is the
edge, a contradiction. O

We make use of this theorem for Prcy in two settings: to analyze what
happens when we reduce the capacity of a vertex, and when we remove an
edge. For the first setting, we have the following.

Theorem 4.4. Let T be a mazimum-weight fractional c-matching in Gle, — 1]
for somev € V. If T is basic in G, but does not have maximum weight in G,
then it is possible to move to a basic marimum-weight fractional c-matching
in G in one step over the edges of Prem(G,c).

Proof. Let P = Prcm(G,c), a'z < b be x(6(v)) < ¢y, § = 1, and w be
the objective function. It follows from Theorem 2.2 that z(d(v)) is integral
for all basic fractional c-matchings. Consequently, there are no vertices = of
Prcm (G, ¢) that satisfy ¢, — 1 < Z(d(v)) < ¢p. The theorem now readily
follows from Theorem 4.3. O

In the second setting, we need to do a bit of extra work.

Theorem 4.5. Let T be a mazimum-weight fractional c-matching in G\ e for
some e € E. If T is basic in G, but does not have maximum weight in G, then
it is possible to move to a basic maximum-weight fractional c-matching in G
in at most two steps over the edges of Prem(G, ). If two steps are needed, the
first one moves to a vertex with x, = %, and the second one moves to a vertex
with T, = 1.

Proof. Case 1: x. € {0,1} for all vertices of Prem(G,c). It follows directly
from Theorem 4.3 that only one step is needed, by letting P = PrcMm(G, ),
a'z <bbex, <1, =1, and w the objective function.
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Case 2: there are vertices of Prem(G,c) that satisfy x. = . In this case, let
us consider two polytopes: P= = {z € Prcm(G,¢) : z. < 5} and P= = {z €
Prem(G,e) @ xe > %} Let T be a maximum-weight fractional c-matching
in G\ e, such that Z is basic in G, but T does not have maximum weight
in G. Since T does not have maximum weight over Prem (G, ¢), there is an
improving direction at T in Prcm(G, ¢). Moving in this direction a bit, we
obtain a fractional c-matching with larger weight than %, which is in P<.
Hence, T does not have maximum weight over P<. In addition, since Z is a
vertex of Prcn (G, ¢), and feasible in P<, it is a vertex of P=.

Let P = P<, ax < bbe z, < %, 6= %, and w be the objective function. We
can then apply Theorem 4.3: it is possible to move to an optimal solution &
of max{w'x : x € P<} from T in one step over the edges of P<. Note that
Te = % If z is a basic maximum-weight fractional c-matching in G, we are

done. So suppose that that is not the case.

Subcase 2a: & is a vertex of Prem(G,c). First, note that since & is a vertex
of Prcm (G, ¢), then the edge of P< that is used to move from Z to Z, is also
an edge of Prom(G,c). Furthermore, since # is feasible in P2, it is also a
vertex in PZ. By assumption, & is optimal over P<, so also over P2 with the
additional constraint z. < 1, but not optimal over Prcm(G,c), so also not
over PZ. Let P=PZ, ax <bbez.<1,§ = %7 and w the objective function.
We can then apply Theorem 4.3: it is possible to move to an optimal solution
r* of max{w 'z : z € P2} from % in one step over the edges of P=. Note that
x¥ = 1. Then, z* is also an optimal solution of max{w'z : z € Prcm (G, )},
and a vertex of Prem (G, c). Since & and z* are both vertices of Prem (G, ¢),
the edge of P2 that is used, is also an edge of Prcm(G,c). All in all, we
get that, starting from T, it is possible to move to a basic maximum-weight
fractional c-matching in G in two steps over the edges of Prom(G,c), such
that z, = % after the first step, and x. = 1 after the second step.

Subcase 2b: & is not a vertex of Prom(G,c). In this case, we moved from T
to & over an edge of P< which is strictly contained in an edge of Prca (G, c):
it must therefore be that P< and PZ split this edge in two, and the splitting
point, &, is a vertex of both polytopes. By assumption, & is optimal over P<,
so also over P= with the additional constraint z. < 3. Since we reached & by
moving over just part of an edge of Prem (G, ¢), and this increased the weight,
moving further along this edge will increase the weight even further. Hence,
% is not optimal over PZ. Let P = P2, ax <bbez. <1, = %7 and w the
objective function. We can again apply Theorem 4.3: it is possible to move
to an optimal solution z* of max{w'z : * € P=} from # in one step over
the edges of PZ. Note that 2 = 1. Then, z* is also an optimal solution of
max{w "z : x € Prcm (G, c)}, and a vertex of Prom (G, ¢). Since z* is a vertex
of Prem (G, ¢), but 2 is not, the edge of P> that is used, is only part of an
edge of Prem (G, ¢). In particular, it must be the remainder of the edge over

at
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which we moved in the first step. All in all, we get that, starting from T, it
is possible to move to a basic maximum-weight fractional c-matching in G in
one step over the edges of Prcym (G, ¢). O

The following theorem describes the relation between adjacent vertices on
Prcum- The theorem is based on methods used in Section ITI-G in Sanita [46].

Theorem 4.6. Ifx and y are adjacent vertices of Prom(G, ¢), theny = x+ag,
where g € C(Proym) and o € {%, 1}. Furthermore,

o ifa=1, then g € C; UC2 UCs and |6y| = ||
o ifa= %, then g € C; UC2 UCqy UCs, and
— if g € C1, then |6,| = |6,
— if g € CoUCy, then |6,] = |6, £ 1, and the odd cycle in g belongs
to either €, or €.
— if g € Cs, then |6y = |6, £ {0,2}, and the odd cycles in g both

belong to €, or both to €,, or exactly one belongs to €, and the
other to €.

Before we go into the proof, we introduce a fractional perfect c-matching poly-
tope, which will be helpful. Consider Prcy. Add a nonnegative slack variable
for each inequality of the form x(d(v)) < ¢,. We get a polytope that naturally
corresponds to the set of fractional perfect c-matchings on a modified graph
G = (V, EUL), obtained from G by adding a loop edge uv € L for each vertex
v € V. We define

Prpem(G,c) = {z € RFVF 1 2(5(v)) = ¢, Yo € V2 > 0,2, < 1 Ve € B},

as the polytope of fractional perfect c-matchings in G.

Proof of Theorem 4.6. Let g be the edge direction of the edge between = and
1, scaled in such a way that the components of g are co-prime. Then, clearly,
y = x + ag for some o # 0. Without loss of generality, we can assume that
a > 0, since —g is also an edge direction of the same edge. All edge directions
are circuits, hence g € C(Prcum), and in particular, g € C; UC2 UC3 UC4UCs
by Proposition 2.2. That means that the components of g have a magnitude
of at least 1. Then it follows from 0 < z < 1, that a« < 1. Likewise, for the
circuits with components that have a magnitude of 2, it follows that a < %
Finally, since x and y are vertices, that is, they are basic, their components
are equal to 0, %, or 1, which implies o € {%, 1}.

Case 1: a = 1. As discussed, for circuits with components that have a mag-

nitude of 2, a < % Hence, in this case, g € C; UCy U C3. Furthermore, all
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components of ag are integral, which means that fractional edges, and in par-
ticular the fractional odd cycles, are not affected. It follows that |€,| = |%,|.
Case 2: a = % Circuits in C3 correspond with paths. For either endpoint of
this path, applying the circuit, that is, adding ag to a fractional c-matching,
results in a - +1 = :I:% on a single edge incident with the vertex. Since x and
y are both basic, this is not possible, so g € C; UCo UCq UCs.

We extend = and y to fractional perfect c-matchings # and % in G. This
extension is uniquely obtained by setting Z,, = ¢, — x(d(v)) for each wv € L,
and likewise for §. Since x and y are adjacent vertices of Prcm (G, ¢), it follows
that T and 7 are adjacent vertices of Prpcn (G, ). We extend g to g such that
y=T+ 17.

Let E' = {e € F: T, =7y, = 1}, and G be the graph induced by the supports
of T and 7, minus the edges in E'. See Figure 4.4 for an example of Z, 7,
g, and the graph G obtained from them. We claim that there is exactly one
component of G that contains an edge e with Z. # y,. Clearly there is at least
one, since z # y and hence T # §. Actually, T # 7 only on the support of g.
Since Z. # Y, for every edge e in the support of g, we have that at least one of
T. and 7, is not zero, and at least one is not one. Hence, all those edges are in
G, and in particular they all are in the same component, since g is connected.

Let K be the component of G that contains an edge e with T, # 7., and let
k be the number of vertices in this component. Let K be a subgraph of G
induced by the vertices in &, minus the edges in E'. We change the capacities
accordingly: let c|, be obtained from c¢ by restricting to the vertices in K,
and, for each vertex v € V(K), reducing the capacity of v by |6(v) N E*|. Let
Z| be obtained from T by restricting to the edges in K, and likewise for 7| .
Note that Z|, and 7|, are perfect c-matchings in K with respect to c|.
In particular, they are adjacent vertices of Prpcm (K, ¢y ), since T and 7 are
adjacent vertices of Prpcm (G, ).

Let A be the incidence matrix of K. Since the columns associated to the loop
edges form an identity matrix, the rank of A is k. Since Z|, and 7|, are
adjacent vertices, there must be |E(K)| — 1 linearly independent constraints
that are tight for both of them. Since the rank of A is k, and we removed the
edges for which the “< 1”7 constraint is tight for both Z and 7, this implies
that there are at least |E(K)| — 1 — k edges for which the “> 0” constraint
is tight for both of them. Consequently, there are at most k£ + 1 edges in the
union of the supports of 7|, and 7|,. Note that the graph induced by the
supports of Z|, and 7|, is L. With k£ + 1 edges on k connected vertices, we
have a spanning tree plus two additional (possibly loop) edges: it is easy to
realize then that there can be at most two odd cycles in K.
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S SRREELLELE
Y
@)

(a) Example of Z, with Z. = 1 for bold edges (and the loop), Z. = % for
dashed edges, and T. = 0 for normal edges.

of
0

(b) Example of 7, with 7, = 1 for bold edges, J, = 3 for dashed edges, and
Y. = 0 for normal edges (and the loop).

| ]
| N

(c) The circuit g such that g =7+ %g is given on the edges (g is the extension
of a circuit g € Ca).

(d) Example of G. The component on the right is the unique component that
contains an edge e with Z. # 7,.

Figure 4.4: Example of a graph G with unit-weights and unit-capacities,
except for the vertex that has a loop edge, which has a capacity of two.
The other loops are not drawn, as they are not relevant for the example.
Figure 4.4a shows 7, Figure 4.4b shows %, Figure 4.4c shows g, and
Figure 4.4d shows G.
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Chapter 4. The Stabilizer Problem

Subcase 2a: g € C1. The support of g is an even cycle, say C. If Z|, = % for

all edges on C, then 7|, and therefore also z, contains a fractional even cycle,
which contradicts that  is basic. Similarly, if Z|, is integral for all edges on
C, Ylg = % for all edges on C, contradicting that y is basic. Hence, Z|, has
edges on C' with integral value, and also edges with value % The fractional
edges imply that 7|, has at least one fractional odd cycle. The integral edges
become fractional in F|,, which means 7|, also has at least one fractional
odd cycle, different from the one of Z|,. These odd cycles are distinct, and
both in I, and we have already shown that I contains at most two odd cycles.

Hence, |%?|K‘ = |‘€E|K|.

Subcase 2b: g € Co UCy. The support of g is a (possibly empty) path, an odd
cycle and a loop edge, of which only the odd cycle can influence the fractional
odd cycles in 7|, and |, If this odd cycle in the support of g is a fractional
odd cycle in 7| /7|y, then note that 7|, contains exactly one less/more
fractional odd cycle than Z|,. Otherwise, both 7|, and 7|, have fractional
and integral edges on the odd cycle of g. That means that Z|, and y|, both
have at least one odd cycle in the component, different from the odd cycle in
g, and different from each other. But then there are at least three odd cycles
in the component, a contradiction. Hence, the odd cycle in g belongs to either
ng‘x or (gﬂlk’ and |%§|K| - }%5|K| +1

Subcase 2¢: g € Cs. The support of g is two odd cycles connected by a (possibly
empty) path. Since K contains at most two odd cycles, and g already contains
two odd cycles, these are the only odd cycles. Similar to the previous subcase,
for both the odd cycles separately we can argue that not both Z|, and 7|,
can have fractional and integral edges on the odd cycle, that is, each odd cycle
belongs to either @7 or €7 . There are three options: both odd cycles
belong to ¢z, or both to €% , or one to ¢z and one to ¢y . It follows

that |€7y, | = |€%, | £ {0,2}.

Since T equals 7 outside of K, our conclusions carry over from 7|, and 7|,
to T and 7. In addition, removing loop edges, that is, going back from Z,¥ to
x, 1y, does not affect fractional odd cycles. Hence, our conclusions also hold for
xzand y: If g € Cq, then |6, = |€,|. If g € C2UCy, then |6, = |6,|£1 and the
odd cycle in g belongs to either €, or 6,. If g € Cs, then |6,| = |%,| £ {0, 2},
and the odd cycles in g both belong to €, or both to €, or exactly one to
. and the other to %,. O

4.3 Capacity-Stabilizer

Our algorithm for the capacity-stabilizer problem is based on the unit-capacity
vertex-stabilizer algorithm of Koh and Sanita [36]. So before we state our
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1.3. Capacity-Stabilizer

algorithm, we explain the idea of their algorithm.

Recall from Proposition 3.1 that a graph is stable if and only if there are no
fractional odd cycles. The vertex-stabilizer algorithm of Koh and Sanita [36]
is based on this: compute a basic maximum-weight fractional matching with
the minimum number of fractional odd cycles (7(G)), and remove one vertex
from every fractional odd cycle. This same approach does not work in the
capacitated case: if we remove a vertex from a fractional odd cycle, even
though that specific fractional odd cycle is removed, another one might be
created (see Figure 4.5). Interestingly, if instead of removing the vertex u in
Figure 4.5, we reduce its capacity from two to one, we do obtain a stable graph.
Our results confirm what this example suggests: As we have seen in Section 4.1,
the vertex-stabilizer problem is APX-hard in capacitated instances, so there is
no polynomial-time exact algorithm, unless P = NP. And as we will discuss
now, the algorithm of Koh and Sanita [36] generalizes to capacitated graphs
when reducing the capacity of vertices.

e’ U v u UV _e*

ﬁ e

(a) The graph G with a basic maxi-  (b) The graph G \ u with a basic
mum-weight fractional c-matching *  maximum-weight fractional c-match-
with |4 = v(G) = 1. ing x with |%;| =~v(G\u) = 1.

o8
e X e
er s

(¢) The graph G[c, — 1] with a basic
maximum-weight fractional c-match-
ing z with |%;| = v(Glcu — 1]) = 0.

Figure 4.5: A graph (G, 1, ¢) with ¢, = ¢, = 2 and ¢ = 1 otherwise. Bold
lines indicate edges with z. = 1, bold dashed lines edges with z. = %
and normal lines edges with z. = 0. Figure 4.5b shows that removing
a vertex from a fractional odd cycle might create a new fractional odd
cycle, and Figure 4.5¢ shows that instead reducing the capacity of that

same vertex stabilizes the graph.

We first exploit the polyhedral results from Section 4.2 to prove that a lower
bound on the size of a capacity-stabilizer is given by the minimum number of

Q3
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Chapter 4. The Stabilizer Problem

fractional odd cycles in the support of any basic maximum-weight fractional
c-matching.

Lemma 4.1. For every capacity-stabilizer S, |S| > v(G).

Proof. To prove the lemma, by Proposition 3.1, it is enough to show that
reducing the capacity of any vertex by one decreases the number of fractional
odd cycles by at most one. Therefore, from now on, we concentrate on proving
the following statement:

for all v € V, 4(Glc, — 1]) > 7(G) — 1. (4.1)

Let = be a basic maximum-weight fractional c-matching in Gle, — 1] with
v(Gley — 1)) fractional odd cycles. Let (y,z) be an optimal fractional vertex
cover in Gle, — 1], satisfying complementary slackness (see Equation (2.2))
with . Note that increasing the capacity does not influence the feasibility of
x and (y,z), hence they are a fractional c-matching and vertex cover in G,
respectively.

If  has maximum weight in G, then v(G) < |€:| = 7(G[c, — 1]), and hence
(4.1) holds.

Assume now that x does not have maximum weight in G. Then, = and (y, z)
cannot satisfy complementary slackness in G. The change from G[c, — 1] to G
only influences the complementary slackness condition y, = 0Vz(d(v)) = ¢, —1,
so we must have y,, > 0 and z(d(v)) = ¢, — 1 < ¢,. We distinguish two cases.

Case 1: v € V(C) for some C € €. Create a new fractional c-matching & by
alternate rounding C' covering v. One can check that & and (y, z) satisfy com-
plementary slackness in G. Consequently, Z is a maximum-weight fractional
c-matching in G, and given that z is basic, so is . Then, v(G) < |€:| =
|€%] — 1 =7v(G[ey — 1]) — 1, and hence (4.1) holds.

Case 2: v ¢ V(%,). Since x is basic in Gc¢, — 1] and v is not part of any frac-
tional odd cycle, by Theorem 2.2, x is also basic in G. Then, by Theorem 4.4,
we can move to a basic maximum-weight fractional c-matching z* in G in one
step over the edges of Prcwm (G, ¢). By Theorem 4.6, 2* = z+ag for a € {1,1}
and g € C; UCy UC3 UCy UCs. Because w'z* > w'z, 2* cannot be feasi-
ble in G[e, — 1], so we must have 2*(6(v)) = ¢, = 2(6(v)) + 1. Consequently,
g € CoUC3UCy. Then, by Theorem 4.6, we have |6,+| = |6,|£{0, 1}. Therefore
| €| < ||+ 1, and consequently, ¥(G) < |€y+| < |Cx|+1 =v(Gley —1]) +1,
yielding (4.1). O

We can now state the polynomial-time algorithm to solve the stabilization
problem via capacity reduction.
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1.3. Capacity-Stabilizer

Algorithm 1 stabilization by capacity reduction

1: initialize S < 0

2: compute a basic maximum-weight fractional c-matching = in G with v(G)
fractional odd cycles C1, ..., Cy (), and a minimum fractional vertex cover
(y,2) in G

for i =1 to v(G) do

‘ S« S+ argmin,cv(c;) Yo

end for

return Glcg — 1]

Theorem 4.7. Algorithm 1 is a polynomial-time algorithm that computes a
minimum capacity-stabilizer S for G. Moreover,

(a) The solution S reduces the capacity of each vertex by at most one unit.

(b) The solution S preserves the weight of a mazimum-weight matching by
a factor of 2, that is, v°(Glcs — 1]) > 2v°(G).

Proof. Let S = {v1,...,vy) } be the set of vertices whose capacity is reduced
in Algorithm 1. Let & be obtained from z by alternate rounding C; exposing
vy, for all i € {1,...,9(G)}. Clearly, & is a fractional c-matching in G[eg — 1].
In addition, (y, z) is still a fractional vertex cover in G[es — 1]. One can check
that they satisfy complementary slackness with respect to G[cs — 1]. Hence,
they are optimal in G[cg — 1]. Note that Z is an integral matching. Hence,
Glcs — 1] is stable. Moreover, |S| = v(G), which is minimum by Lemma 4.1.

Since all cycles in %, are vertex-disjoint, the set S is not a multiset. Hence,
(a) holds. To see (b), note that, since v; = arg min, ey (¢;) y», we have

y(V(C))

Yo, < T < %y(V(Cl))

Then, using stability of G[cg — 1] and optimality of (y, z) in G[es — 1], we find

v(Gles —1]) = 75(Gles — 1]) = (CS*I)Ty +1"2

7(G) 7(G)
=cly— Z Yo + 172>y — Z y(V(Cy) + 17z
i=1 i=1

> %(cTy +172) = %TC(G) > %IJC(G).

In the above chain of inequalities, we use the fact that ¢, — % > %cv for all

v € V(€,). This is true since for all these vertices ¢, > 1. O
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Chapter 4. The Stabilizer Problem

The previous theorem shows that there always exists a capacity-stabilizer of
minimum size that preserves the total value that the players can get by a
factor of % We note that, for arbitrary weighted graphs, this factor is asymp-
totically best possible, as shown by Koh and Sanita [36] already in the unit-
capacity case. However, for unit-capacities and unit-weights, Ahmadian et
al. [1] proved a stronger statement: namely, that inclusion-wise minimal sta-
bilizers completely preserve the total value that the players can get (that is,
up to a factor of 1). Using our polyhedral tools, we can show that this state-
ment still holds in the capacitated setting (and note that it is satisfied by the
solution provided by our algorithm).

Theorem 4.8. In (G, 1,c), for any inclusion-wise minimal capacity-stabilizer

S, we have v°(Gles — 1]) = v4(G).

Proof. Let M be a maximum-cardinality c-matching in Glcg — 1].

Claim 4.4. M is mazimum in Glcg\, — 1], for any v € S.

Proof. For the sake of contradiction, suppose that M| < v¢(G[cs\, — 1]).

Since S is a stabilizer, G[cg — 1] is stable, and hence there exists a fractional
vertex cover (y, z) that satisfies complementary slackness with M in G[cg —1].
Increasing the capacity of a vertex does not change feasibility of (y, z), hence,
(y,2) is a fractional vertex cover in G[cg\, — 1]. Observe that, since the edges
have unit-weight, we can assume without loss of generality that y < 1. Then

TfC(G[Cs\U 1) < (cs_l)Ty—&—yv 11T = M| +y, < [M|+1 < v9(Gles\o —1]),
that is, G[cg\, — 1] is stable, contradicting the minimality of S. O

Claim 4.5. M is mazimum in Gcg\ (w0} — 1], for any u,v € S.

Proof. For the sake of contradiction, suppose that [M| < v¢(Glcs\ fu,vy — 1])-

Let x be the indicator vector of M, then by Theorem 2.2, z is basic. Since
S is inclusion-wise minimal, G[CS\U — 1] is not stable, and thus z is not a
maximum fractional c-matching in G[cg\, — 1]. We can apply Theorem 4.4 to
r, Glcs — 1] and Gleg\, — 1], and conclude that there exists a basic maximum-
weight fractional c-matching & in Glcg\, — 1], which is adjacent to x on Prcym.
By Theorem 4.6, & = z + ag, where o € {1,1} and g € C; UCo UC3 UCy UCs.
Since M is maximum in G|cg\, — 1] by the previous claim, & cannot be integral,
soa = %, and consequently, by Theorem 4.6, g ¢ C3. Furthermore, the circuits
in C; U Cs are not augmenting in cardinality, so g € C3 U Cy4, and necessarily
v must be the only vertex with g(d(v)) # 0. Observing now that |M| and
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ve(-) are integral, we find that Z is not a maximum fractional c-matching in
Gles\{u,vy — 1], since

1T4=1Tx + % = |M| + % < VC(G[CS\{U’I,} — 1]) < VJCc(G[CS\{u’v} — 1])

Applying Theorem 4.4 again, we get that there exists a basic maximum-weight
fractional c-matching 2* in Glecg\ u,0} — 1], which is adjacent to & on Prcm.
By Theorem 4.6, z* = & + Bh, where 3 € {%, 1} and h € C; UC,UC3UCL UCs.
As before, the circuits in C; U C5 are not augmenting in cardinality, so h €
C2UC3UCy. Since S is an inclusion-wise minimal stabilizer, Glcg\ fu,0} — 1]
is not stable, and consequently, 17 z* > v(Gles\fu,vy — 1]). Using integrality
of v°(+) and half-integrality of #* and #, this implies 17z* > 172 + 1. So we
must have 8 = 1, hence, h € C; UC3 by Theorem 4.6, and 1T2* = 17% + 1.
Furthermore, u must be one of the (possibly two) vertices with h(d(u)) > 0.

Assume first that h € C;. Then, u is the only vertex with h(d(u)) > 0.
However, as components of Sh have a magnitude of one, it means that u is
not saturated in G|cg\, — 1]. Therefore, & + %h is a fractional c-matching in
Glcs\, — 1] with higher objective value than &, contradicting its optimality.

We are left with h € C3. It follows that the support of h is a path P, with
endpoints v and some vertex ¢t # u. Note that, necessarily, ¢t # v, as v is
saturated in #, while t is not. In particular, neither u nor ¢t are saturated in
Glcs\,—1]. However, we know that x4 3h cannot be a fractional c-matching in
Glcs\u—1], because M is of maximum cardinality in G[cg\,,—1] by the previous
claim. Since z + Sh does not violate any capacity bound in Glecgy, — 1], the
reason why x + Bh is not a fractional c-matching must be the fact that either
0<x+ pBhorxz+ fh <1 does not hold. Since instead 0 < x + ag+ fh <1
holds, it follows that the supports of h and g must share some edge. Note that
since all components of Sh have a magnitude of one, the support of A cannot
overlap with the cycle in the support of g. Let £ be the last vertex on the
ut-path Py that is an endpoint of a shared edge between the supports of h and
g. By construction, the subpath P; from £ to t in P, is then an M-alternating
path. Let P, denote the edges in the support of g, and let P, be the path
from v to £ in P;. Note that P, is also an M-alternating path. Then, one
observes that either P, U P is a proper M-augmenting tv-path in Glcg\, — 1]
(contradicting the previous claim), or Py U (P, \ P») is a circuit that we can
apply to (fractionally) increase the cardinality of  in G[eg — 1], contradicting
the stability of Gles — 1]. O

Suppose for the sake of contradiction that |M| < v°(G). Then there exists a
proper M-augmenting st-trail 7' in G, by Theorem 2.1 (note that, possibly,
s =t). Since M is maximum in G[cg — 1], T cannot be proper in Ges — 1],
by Theorem 2.1. Therefore, |S N {s,t}| > 1. We distinguish two cases.
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Case 1: |SN{s,t}| = 1. Without loss of generality, let s be the vertex whose

capacity gets reduced by S. If s # ¢, then cf\s_l =cd7 141 >d” +1 and
05\571 = ¢;. If s =t then 05\571 = ¢s. In both cases, T is a proper M-

augmenting trail in G[cg\s — 1], because T is proper in G, contradicting the
first claim.

Case 2: |SN{s,t}| =2. If s # ¢, then M=t A7V 1>d” +1 and
cts\{s’t}f1 =741 > dM41. If s = ¢ then M=t 7142 >dM 42 In
both cases, T is a proper M-augmenting trail in G[cs\{s’t} — 1], contradicting
the second claim. O

4.3.1 Increasing the Capacity

Let us consider a variant of the capacity-stabilizer problem where we instead
increase the capacity of each vertex in .S, so:

Given a graph G = (V, E) with edge weights w € IR{’;JO and vertex capacities ¢ €

Z‘z/o, find a minimum-cardinality multiset S of vertices V' such that Vs (Gles +
1]) = v°(Gles + 1]).

We will show that all our results also work for this case. First, we need a
different version of Theorem 4.3.

Theorem 4.9. Let P be any polytope, a'x < b be an inequality of the de-
scription of P, and 6 € Rsq. Let T be an optimal vertex of the LP max{c'x :
x € P}, such that (i) a'T = b, and (ii) there is no verter T of P satisfying
b—6 < a'Z < b. Then it is possible to move to an optimal solution x* of
max{c'z:x € P,a'x <b— 4} from T in one (partial) step over the edges of
P (that is, there is an optimal vertex of {x € P :a'x < b— 4§} that is (1) also
a vertex of P and adjacent to T, or (2) on an edge of P that is incident with
T). (See Figure 4.6.)

a'x < bp T
)/x \
ale<b-—9 *

Figure 4.6: Example of the situation described in Theorem 4.3, with
two options for T and z*.
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Proof. Let x* be the optimal vertex of max{c'z : 2 € P,a’2 < b — §} that
is the closest to T on P (that is, such that we need a minimum number of
(partial) steps over the edges of P to reach z* from ¥). Note that a'2* = b—4,
otherwise z* + A\(T — z*), for some small A > 0, contradicts the optimality of
z*. We need to show that T and =* are adjacent on P.

Let P ={z €P:a"x>b—0} Then Z,z* € P, and in particular z* is a
vertex of P’. Note that T and z* are adjacent on P or z* is on an edge of P
incident to T if and only if they are adjacent on P’. So for the remainder of
the proof we restrict ourselves to P’.

For the sake of contradiction assume that T and z* are not adjacent on P’.
Then, the line segment of all their convex combinations: AT + (1 — A)z* for
0 < XA <1, is not an edge of P’. Hence, any point N'Z + (1 — X)z* for
a fixed 0 < X < 1 is also a convex combination of other vertices of P’:
N+ (1= N)a* =3 oy + Zj Bjz, where o; > 0 for all 4, 8; > 0 for all j,

Yo+ Z B =1, §7Z is a vertex of P’ with a'4; = b— ¢ for all 4, and Tjisa
vertex of 77’ with a'Z; = b for all j. If we multiply both sides by a we get

aT N7+ (1= N)at) =a” (3, aidi + 5, 857
= NbEL= X)) = X aib - ) + X, Bib,
— b= (1= )6 = (S0 +5,8) b— 5, b,

hence 1-\ =3, o, and consequently X' = Zj B;j. We can also multiply both

sides by c¢. Here we use that Z is an optimal solution of max{c'z : 2 € P},
and that z* is an optimal solution of max{c'z:2z € P,a’z <b—4}.

T ()\/f—f— (1 — )\/)x*) — (Zz ;T + Zj ﬁj.’fj) = Zz OZiCT(%Z' + Zj ﬂjCTEj
<Y, aicTar + > Bic'z=(1-N)cTa*+Nc'z
So we must have equality throughout. In particular, CT@J = c'z*, that is, all
#; are optimal solutions to max{c'z : z € P,a'z < b— 4} We show that
we can choose some Z; to be adjacent to T on P’, contradicting that z* is the
optimal solution closest to z.

Let 2’ be a vertex of P’ that is adjacent to Z, such that az’ = b — § (such an
2’ must exist). Consider the line segment between 2’ and N'Z + (1 — X)z*
pr’ + (1= )N+ (1= N)a*) for 0 < p < 1. For p < 0, this line segment
extends beyond N'Z+ (1 — X )z*. If this line for u < 0 is still in P/, then we can
write N'Z 4 (1 — X)z* as a convex combination of 2’ and some other #;’s and
z;’s. Since az’ = b—4, by our previous discussion we find that 2’ is an optimal
solution to max{c'z : x € P,a’x < b—§}, reaching our desired contradiction.
Otherwise, N'T 4+ (1 — X )2* must be at the boundary, a face, of P’. Because
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NZ 4+ (1 — X)z* is in this face, the whole line segment AT + (1 — A\)z* for
0 < A <1 must be in this face. We can then repeat the argument, replacing
P’ by this face. Since this face has strictly smaller dimension than P’, we either
find a contradiction in one of the iterations, or we reach a face of dimension
one, that is, an edge of P’. Since this edge contains the whole line segment
AT+ (1 —A)a* for 0 < A\ < 1, the line segment is the edge, a contradiction. [J

This also gives us an alternate version of Theorem 4.4.

Theorem 4.10. Let T be a basic maximum-weight fractional c-matching in
G, such that T(6(v)) = ¢, for some v € V. Then it is possible to move to a
basic mazimum-weight fractional c-matching in G[c, — 1] in one (partial) step
over the edges of Prem(G,c).

Proof. Let P = Prpcm(G,c), a'x < b be 2(5(v)) < ¢,, § = 1, and w be
the objective function. It follows from Theorem 2.2 that z(d(v)) is integral
for all basic fractional c-matchings. Consequently, there are no vertices = of
Prcem(G, ¢) that satisfy ¢, — 1 < Z(d(v)) < ¢p. The theorem now readily
follows from Theorem 4.3. O

We use this result to show that «(G) is still a lower bound on the size of a(n
increase) capacity-stabilizer.

Lemma 4.2. For every (increase) capacity-stabilizer S, |S| > v(G).

Proof. To prove the lemma, by Proposition 3.1, it is enough to show that
increasing the capacity of any vertex by one decreases the number of fractional
odd cycles by at most one. Therefore, from now on, we concentrate on proving
the following statement:

for all v € V, v(Gley +1]) > v(G) — 1. (4.2)

Let = be a basic maximum-weight fractional c-matching in Glec, + 1] with
v(G[ey + 1)) fractional odd cycles. Let (y,z) be an optimal fractional vertex
cover in Gle, + 1], satisfying complementary slackness (see Equation (2.2))
with . Note that decreasing the capacity does not influence the feasibility
of (y,z), hence (y, z) is a fractional vertex cover in G. However, x is only a
fractional c-matching in G if z(d,) < ¢,, and not if z(d,) = ¢, + 1.

Assume that x(d,) < ¢,, that is, x is a fractional c-matching in G. By comple-
mentary slackness in G|c, + 1] we have y, = 0. The change from G[c, +1] to G
only influences the complementary slackness condition y, = 0Vz(5(v)) = ¢, +1,
which is satisfied by 3, = 0 in both graphs. Hence, z has maximum weight in
G, which means that v(G) < || = 7(G[c, + 1]), and hence (4.2) holds.
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Assume now that x(d(v)) = ¢, + 1. Then, by Theorem 4.10, we can move to
a basic maximum-weight fractional c-matching z* in G in one (partial) step
over the edges of Prcm(G,c). If we take a complete step, by Theorem 4.6,
¥ =x+agfora e {%, 1} and g € C;UC2UC3UC4LUCs. If we take only a partial
step, then let 2’ be the vertex obtained by taking the complete step. Then,
by Theorem 4.6, 2’ = 2+ ag for a € {£,1} and g € C; UC2 UC3UC,LUC5. To
reach x* we only take part of this step, so z* =z + o/g for 0 < o/ < a. Now,
since z* is basic in G, we know that z* is half-integral, so we must have o/ = 2
(and « = 1). Finally, in both cases we found that z* = x 4+ ag for a € {%, 1?
and g € C; UCoUC3UC4UCs. Since 2*(6(v)) < ¢, = 2(0(v)) — 1, we must have
g € C2UC3UCy. Then, by Theorem 4.6, we have |6~ = |€;|£{0,1}. Therefore
| 6o+ | < |€x|+ 1, and consequently, v(G) < |€p+| < |Cu|+1 =v(Glew +1]) +1,
yielding (4.2). O

Like in the capacity-reduction case, we stabilize by selecting one vertex per
fractional odd cycle, except now we increase their capacity.

Algorithm 2 stabilization by capacity increase

1: initialize S « 0

2: compute a basic maximum-weight fractional c-matching x in G with v(G)
fractional odd cycles C1, ..., Cy(g), and a minimum fractional vertex cover
(y,2) in G

for i =1 to v(G) do

‘ S« S +w; for any v; € V(C;)

end for

return Glcg + 1]

AN

Theorem 4.11. Algorithm 2 is a polynomial-time algorithm that computes a
minimum (increase) capacity-stabilizer S for G. Moreover,

(a) The solution S increases the capacity of each vertex by at most one unit.

(b) The solution S preserves the weight of a mazimum-weight matching, that
is, v°(Gles + 1]) > v°(G).

(¢) In unit-weight graphs, the solution S increases the size of a mazimum
matching by v(G), that is, v°(Glcs + 1]) = v°(GQ) + ~v(G).

Proof. Let S = {v1,...,vyq)} be the set of vertices whose capacity is increased
in Algorithm 2. Let & be obtained from x by alternate rounding C; covering
v, for all i € {1,...,7(G)}. Clearly, % is a fractional c-matching in Gcg + 1].
In addition, (y, 2) is still a fractional vertex cover in G|es + 1]. One can check
that they satisfy complementary slackness with respect to G[cgs + 1]. Hence,
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they are optimal in G[cg + 1]. Note that Z is an integral matching. Hence,
Gles + 1] is stable. Moreover, |S| = v(G), which is minimum by Lemma 4.2.

Since all cycles in %, are vertex-disjoint, the set S is mot a multiset. Hence,
(a) holds. Using stability of G[cs + 1], optimality of (y, z) in G[cs + 1], and
y > 0, we find

v(Gles +1]) = 75(Gles +1]) = (Y Ty+172
7(G)
=c'y+ Z Yo, +1T2>cTy+172
i=1

= 7%(G) = v°(G).

So, (b) holds. Finally, to see (c), note that in unit-weight graphs we have
Y, = 3 for allv € V(%,). So ZZL?) Yo; = 37(G) in the equation above, which
gives us v°(Gles +1]) = 75(G) + 17(G). In the proof of Theorem 4.7 we found
that

v(G) (G)
V(GICs — 1) =cTy— > +1T2=75G) = > v,
1=1 =1

and from Theorem 4.8 we know that v¢(G[Cs — 1]) = v°(G). Here we also
have y, = % for all v € V(%) because of the unit-weights, and so we find that
T6(G) = v°(G)+37(G). In total this gives us v¢(Glcs+1]) = v¢(G)+~(G). O

4.4 Edge-Stabilizer

In this section we state our results for the edge-stabilizer problem. First, we
generalize a lower bound on the size of an edge-stabilizer, provided in the
unit-capacity setting.

Lemma 4.3. For every edge-stabilizer F, |F| > 14(G).
Proof. To prove the lemma, by Proposition 3.1, it is enough to show that re-

moving one edge decreases the number of fractional odd cycles by at most two.
Therefore, from now on, we concentrate on proving the following statement:

foralle e E, v(G\ e) > ~v(G) — 2. (4.3)

Let = be a basic maximum-weight fractional c-matching in G'\ e with v(G \ €)
fractional odd cycles. Extend x to G by setting . = 0. Then x is a basic
fractional c-matching in G.
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If 2 has maximum weight in G, then v(G) < |%,;| = v(G \ e), and hence (4.3)
holds.

If x does not have maximum weight in GG, we can apply Theorem 4.5: we can
move to a basic maximum-weight fractional c-matching * in G in at most two
steps over the edges of Prcm (G, ¢), and if two steps are needed, the first one
moves to a vertex with z, = %, and the second one to a vertex with z, = 1.

Suppose only one step was needed. By Theorem 4.6, 2* = x+ag for a € {%, 1}
and g € C; UC3UC3 UCy UCs. Then, by Theorem 4.6, we have |-
|€:| + {0,1,2}. So definitely, |€,+| < |€:| + 2, and consequently, v(G) <
|Coe| < |Cu| +2=7(G\ ) + 2, yielding (4.3).

Suppose two steps were needed. Let & be the vertex reached after the first
step. By Theorem 4.6, & = z + ag and z* = & + Sh for o, 8 € {%, 1} and
g,h € CyUCyUC3UC4UCs. Now note that we must have x. = 0, Z, = % and
=1 Soa=p= %, g creates at least one cycle, and h breaks at least one

cycle. Again looking at Theorem 4.6, this gives the following options for g:

e g€ ( and |€;| = |Cel,

o g€ CyUCy and |6;| = |6,| + 1, since the odd cycle in g must belong to
z,

e g €Cs and |%;| = |6,| + {0, 2}, since at least one of the odd cycles in ¢
must belong to .

Hence, |6;| = |%:| + {0, 1,2}. Similarly for h:

e he(C and |€-| = ||,

o h € CaUCy and |€+| = |€2| — 1, since the odd cycle in h must belong
to Z,

e h € Cs and |E,+| = |€z| — {0,2}, since at least one of the odd cycles in
h must belong to z.

Hence, |€+| = |62|—{0, 1,2}. So definitely, |, | < |6»|+2, and consequently,
as before, v(G) < (G \ e) + 2, yielding (4.3). O

Koh and Sanita [36] provided an example that shows this bound is tight,
already in the unit-capacity setting. However, in the unit-weight, capacitated
setting we can get a stronger bound. Repeating the proof above, but replacing
the “—2” in (4.3) by “—1” and using that circuits in C; UCs are not augmenting
in cardinality, we can prove the following.

Lemma 4.4. In (G,1,c), for every edge-stabilizer F, |F| > ~v(G).
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Koh and Sanita [36] give a O(A)-approximation algorithm, where A denotes
the maximum degree in the graph, based on their algorithm for the vertex-
stabilizer problem: instead of removing the vertices, all edges incident to those
vertices are removed. This removes at most A edges per odd cycle, and hence
results in a O(A)-approximation algorithm. Similarly, we use our algorithm
for the capacity-stabilizer problem (Algorithm 1), and instead of reducing the
capacity of the vertices, remove all edges incident to those vertices, except the
edges e such that e € 4.

Theorem 4.12. The edge-stabilizer problem admits an efficient O(A)-approx-
imation algorithm.

Proof. Let S = {v1,...,vyq)} be the set of vertices found by Algorithm 1.
Set F'={0(v) \ Ay : v € S}. The size of F' is at most Ay(G). We claim that
G\ F is stable, hence this gives us an O(A)-approximation by Lemma 4.3.

Let & be obtained from x by alternate rounding C; exposing v;, for all i €
{1,...,7(G)}. Note that Z is a basic fractional c-matching in G \ F' with
|%z| = 0. Let (g, 2) be obtained from (y, z) as follows:

Zuv +Yu + Yo ifu,v € S;uv € E\ F,

oy ifo S ) Zue Y ifueSvé¢ S uveE\F,
Ylo ifeesS, T ) zuw + v ifugSve Su e FE\F,
Zuw if u,v ¢ S;uv € E\ F.

One can check that & and (g, 2) satisfy complementary slackness in G \ F.
Consequently, Z is a basic maximum-weight fractional c-matching in G \ F
with |4z = 0, and so G \ F is stable. O

If we restrict ourselves to unit-weight instances, like for capacity-stabilizers,
we can show that any inclusion-wise minimal edge-stabilizer preserves the size
of a maximum-cardinality c-matching.

Theorem 4.13. In (G,1,c¢), for any inclusion-wise minimal edge-stabilizer
F, we have v°(G\ F) = v°(G).

Proof. Let M be a maximum-cardinality c-matching in G such that the overlap
with F' is minimum, that is, such that |[M N F'| is minimum. Suppose for the
sake of contradiction that |[M N F| > 0.

Consider the graph G \ (F'\ M). Since M is avoided, M is a maximum-
cardinality c-matching in G\ (F'\ M). Let x be the indicator vector of M,
then by Theorem 2.2, x is basic. Since F is inclusion-wise minimal, G\ (F'\ M)
is not stable, and thus z is not a maximum fractional c-matching in G\ (F\ M).
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So there must be a vertex z* of Prcym, adjacent to x, with 1T2* > 1T2. By
Theorem 4.6, x* = = + ag, where a € {%,1} and g € Ct UCo UC3UC4 UCs.
Since M is maximum, x* cannot be integral, so a = %7 and consequently, by
Theorem 4.6, g ¢ C3. Furthermore, the circuits in C; U Cs are not augmenting
in cardinality, so g € C3 UCy. Let v € V' be the only vertex with g(6(v)) # 0.
The circuits in Cs U C4 are only augmenting in cardinality if g(d(v)) > 0.
Consequently, z*(5(v)) = z(6(v))+1 = dM +1. Clearly, we have z*(§(v)) < ¢y,

and so, d¥ < ¢,.

The support of g consists of a (possibly empty) path P, and an odd cycle
Cy, intersecting at only one vertex, such that the sign of g. alternates. Since
it is feasible to apply g to z, it must be that, if sgn(g.) = —, then z, = 1
(e € M), and if sgn(ge) = +, then z. = 0 (e ¢ M). Since g(d6(v)) > 0, the
first and last edge of g satisfy sgn(g.) = +. Recall that d¥ < ¢,. Consider
the closed vv-walk W = (Py,Cy, P;''). Then W is a feasible M-augmenting
walk in G\ (F'\ M).

Claim 4.6. WNF = (.

Proof. For the sake of contradiction, suppose that there is some e € W N F.
Then e € M, since all other edges of F' were removed. Then there exists an
even-length M-alternating trail T: the part of W starting from v, to (and
including) the edge e. Since d™ < ¢, and e € M, T is proper. Then M’ =
MAT is a maximum-cardinality c-matching in G with |[M' N F| < |[M N F],
contradicting our assumption. O

By this claim, W is in G \ F. In addition, we have diu\F < dM < ¢,. Thus,

W is a feasible M \ F-augmenting walk in G \ F. By Theorem 5.3, since
G\ F is stable, it follows that M \ F is not maximum in G \ F. Then, by
Theorem 2.1, there is a proper M \ F-augmenting st-trail T in G \ F. Note
that, since T is augmenting in cardinality, the first and last edge of T" are not in
M\ F. Since W cannot exist for a maximum-cardinality c-matching in G\ F,
by Theorem 5.3, there must be such a trail T' that either makes W infeasible,
or overlaps with the edges of W. Note that T is also an M-augmenting trail
in G, but M is maximum in G, so by Theorem 2.1, T is not proper for M in

G.
Since T is proper for M \ F' in G \ F, we have, if s # , déw\F <c¢s—1 and

diVI\F < ¢ — 1, if instead s = ¢, then dﬁw\F < ¢s — 2. Since T is not proper

for M in G, we have, if s # t, d¥ = ¢, or dM = ¢, if instead s = ¢, then
dé‘/[ > cs — 1. This gives us five cases:

1. s#t, d¥ = ¢ and dM < ¢4,

2. s#£t, dM < cgand dM = ¢y,
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3. s#t, dM =c; and dM = ¢,
4. s=tand d¥ =c, — 1,
5. 5:tanddé\/[:cs.

In the first case, since dé\/l = ¢, and déw\F < ¢s — 1, there is at least one

e€d(s)NMNF. Since e € F, we have e ¢ T, which means T'U e is a trail.
Note that T'U e is M-alternating and has even length. Since dM < ¢; and
e € M, TUe is proper. (If TUe is closed, it is still proper, because it has even-
length.) Therefore, M’ = MA(T Ue) is a maximum-cardinality c-matching in
G with |[M' N F| < |M N F|, contradicting our assumption. Similar arguments
can be made in the second and fourth case.

For the third and fifth case we take a look at the overlap of T and W. We
know that dé\/l\F < diw < ¢y. So, to make W infeasible in G\ F, T would need
to increase the degree of v with respect to the matching. This is only possible
if v € {s,t}. However, s and ¢ are both saturated by M (in both the third and
fifth case) and v is not. Hence, T and W must overlap in at least one edge.

We create a new walk W’ by combining W and T follow W starting from v
to the first edge e that is also on T, traverse e, then switch to T" and follow
T from here to one of its endpoints. Since T and W are both M-alternating
and -augmenting, so is W’. The part of W from v to and including e is a trail,
this part of W does not overlap with T, and T is a trail, hence W’ is a trail.
Since T exists in G\ F, and W N F = () by Claim 4.6, we have W/ N F = {).

In both the third and fifth case, the degree of both s and ¢ with respect to M
is strictly larger than their degree with respect to M \ F. Hence, 6(s)NM NF
and §(t) N M N F are nonempty. Without loss of generality assume W’ ends
at s. Let e € §(s)N M N F. Since e € F, we have e ¢ W', which means
W'Ue is a trail. Note that W’ Ue is M-alternating and has even length. Since
d™ < ¢, and e € M, W' U e is proper. Therefore, M’ = MA(W' Ue) is a
maximum-cardinality c-matching in G with |[M'NF| < |M N F|, contradicting
our assumption. O

We conclude this section with some additional remarks. Note that, as op-
posed to the capacity-stabilizer case, when dealing with edge-removal opera-
tions it is always possible to stabilize a graph without decreasing the weight
of a maximum-weight matching: for example, one could take any maximum-
weight c-matching M in G and remove all edges in E\ M. The previous
theorem shows that, for unit-weight instances, this property comes essentially
for free, as any edge-stabilizer of minimum cardinality is weight-preserving.
However, for general weighted instances, this is not the case, and we can show
that the size of a minimum weight-preserving edge-stabilizer and the size of
a minimum edge-stabilizer can differ by a very large factor, namely Q(|V]),
already for unit-capacities.
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Theorem 4.14. There exist graphs (G,w,1) where the sizes of a mini-

mum edge-stabilizer and a minimum weight-preserving edge-stabilizer differ
by Q(|V).

Proof. Let G and M be the graph and matching given in Figure 4.7, respec-
tively. Any matching in G can contain (i) at most one edge of each 3-cycle,

Figure 4.7: Let k > 3 be an integer, and 0 < ¢ < 0.5. The figure shows
a graph (G,w,1) with k 3-cycles of the form (a,b;,¢;) for i = 1,... k.
Edge weights are given next to the edges. The bold edges indicate a
matching M.

which all have a weight of at most 2, (ii) at most one of the edges incident to
w, which both have weight 1, and (iii) the edge ua of weight . This gives us
v°(G) < 2k + 1+ e. In particular, M is the only matching in G that attains
this weight. So, M is the unique maximum-weight matching in G. There are
k feasible M-augmenting walks: (u,a,b;,c;,a,u) for i = 1,... k, hence G is
not stable by Theorem 5.3.

We can stabilize G by removing only two edges: wa and vw. We verify the
stability by giving a matching and a vertex cover of the same value. Let the
matching be waU{b;c; : i € {1,...,k}}. The weight of this matching is 2k +1.
Note that the weight decreased by €. We set the vertex cover y equal to 0
for u,v,w and equal to 1 for a and all k pairs b;, ¢c;. The value of this vertex
cover is 2k + 1. So indeed, the graph is stable. This shows that the size of a
minimum edge-stabilizer is at most two.

As mentioned, M is the unique maximum-weight matching in G. Conse-
quently, any weight-preserving edge-stabilizer has to avoid M. Because the
k feasible M-augmenting walks are edge-disjoint with respect to the edges
from E\ M, any weight-preserving edge-stabilizer has to remove at least k
edges.

We have |V| = 3k + 3, or equivalently, k = |V|/3 — 1. The difference in size of
a minimum edge-stabilizer and a minimum weight-preserving edge-stabilizer
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in this graph is at least k¥ — 2. So the difference in sizes is Q(k) = Q(|V]). O

Theorem 9 of Koh and Sanitd [36] shows that there is no constant factor
approximation for the minimum edge-stabilizer problem in (G, w,1), unless
P = NP. We note that their proof actually also shows inapproximability for
the minimum weight-preserving edge-stabilizer problem.

Our last remark is the following. For the vertex-stabilizer problem, the setting
of removing the vertices completely has been analyzed in Section 4.1, and that
of reducing the capacity has been investigated in Section 4.3. One may wonder
whether a similar setting of “partial reduction” also makes sense for the edge-
stabilizer problem: what if one reduces the weight of the edges, instead of
completely removing them? The next theorem suggests that reducing edge
weights might not be that interesting from a bargaining perspective: if the
weight of an edge is decreased, it will not be part of any maximum-weight
c-matching, so the edge could just as well be removed.

Theorem 4.15. Let (G,w,c) be a graph, and let w € RE, such that (G, w —

w,c) is stable and 17w is minimum. For every f € E such that wy > 0, the
edge f is not in any mazimum-weight c-matching in (G, w — w, ¢).

Proof. For the sake of contradiction let M be a maximum-weight c-matching
in (G,w — w,c) with f € M. Let x be the indicator vector of M. Since
(G,w — w, c) is stable, there is a fractional vertex cover (y,z) that satisfies
complementary slackness with x:

Te =0V Yy + Yy + 2e = We — We Ve=uwv e F
Yo =0V 2(6(v)) = ¢y Yo eV
ZEZO\/J}ezl VYee FE

Now, lst ' =x,y =y, 2} = zp + Wy, 2z, =z for all e # f, wh =0, and
wl, = W, for all e # f. One can check that 2’ and (y/,2’) are a c-matching
and fractional vertex cover in (G, w—w’, ¢), respectively, and that they satisfy
complementary slackness. Hence, (G,w — w’,¢c) is stable, but 1Tw’ < 17w,

contradicting that 17w is minimum.

In case of unit-capacities there are no z variables in the dual. To make the
proof still valid, it is enough to increase the y-value of one of the vertices of f
with @f. L]

-3
DO



Chapter 5

The M-Stabilizer Problem

In this chapter we discuss the M-vertex- and M-edge-stabilizer problem, in
Sections 5.1 and 5.2, respectively. We defined these problems before as follows.

The M-vertex-stabilizer problem: Given a graph G = (V, E) with edge
weights w € RY; and vertex capacities ¢ € ZY, and a c-matching M in G, find

a minimum-cardinality subset S C V of vertices such that vi(G\S) =v4(G\95)
and M is a maximum-weight c-matching in G'\ S.

The M-edge-stabilizer problem: Given a graph G = (V, E) with edge
weights w € REO and vertex capacities ¢ € ZZO, and a c-matching M in G, find
a minimum-cardinality subset F' C E of edges such that v§(G\ F) = v*(G\ F)
and M is a maximum-weight c-matching in G \ F.

Section 5.1 is based on (part of) [V1].

Notation. In this chapter we denote a weighted, capacitated graph (G, w, c)
together with a c-matching M as [(G,w,c), M]. For X C V, we denote by
(G,w,c)\ X the graph G \ X with the edge weights w restricted to the edges
in G\ X and the vertex capacities ¢ restricted to the vertices V' \ X. We say
that [(G,w,c), M] is stable if v$(G) = v*(G) and M is a maximum-weight
c-matching in G.

5.1 M-Vertex-Stabilizer

In this section we give our M-vertex-stabilizer results. First, in Section 5.1.1
we describe an auxiliary construction to reduce a given problem instance to a
unit-capacity instance. Then, in Section 5.1.2 we give our M-vertex-stabilizer
algorithm.
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5.1.1 Auxiliary Construction

We use a construction given in Section 4.1 of Farczadi et al. [21], to transform
a weighted, capacitated graph G and c-matching M into a weighted, unit-
capacity auxiliary graph G’ and matching M’.
Construction: [(G,w,c), M] = [(G',w',1), M|
1. For each v € V, create the set C,, = {v1,...,v.,} of ¢, copies of v, add
C, to V(G'), and initialize J(v) = {1,...,¢y}.
2. For each uv € M, add a single edge u;v; to both E(G’) and M’ with

edge-weight w,,, where ¢ € J(u) and j € J(v) are chosen arbitrarily.
Remove ¢ and j from J(u) and J(v), respectively.

3. For each edge uv € E'\ M, add an edge u;v; to E(G’) with edge-weight
Wy, for all u; € Cy and v; € C,.

See Figure 5.1 for an example. In this figure it is easy to see that the matching
M’ in G’ is not maximum, even though M is maximum in G.!

U1
U1

C1

a b c bz

(a) Original graph. (b) Auxiliary graph.

Figure 5.1: Example of the auxiliary construction on an instance
[(G,w,c), M]. Capacities are all 1 except for ¢, = ¢, = ¢, = 2. Weights
are all 1 except for wp. = 0.5. The matching is displayed as bold edges.

Remark 5.1. If [(G,w,c), M] has auziliary [(G',w',1),M'], and X C V
is any set of vertices which avoids M, then [(G,w,c)\ X, M] has auziliary
(G W', 1)\ X', M'], where X' = UyexCly.

We define a map 7 to go back from the auxiliary graph G’ to the original graph
G. Specifically, if u; € V(G') N C, for some u € V, then n(u;) = u, and if
u;v; € E(G’) such that u; € Cy, v; € C, for some u,v € V, then n(u;v;) = uv.
This extends in the obvious way to paths, cycles, walks, and so on.

We need the following theorem.

1t was stated in Corollary 1 in Farczadi et al. [21] that M is maximum if and only if M’
is maximum, but this example shows the forward direction to be false.
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Theorem 5.1. [(G,w,c), M] is not stable if and only if the graph G' in
the auziliary [(G',w’,1), M'] contains at least one of the following: (i) an
M’ -augmenting flower; (i) an M'-augmenting bi-cycle; (iii) a proper M'-
augmenting path; (iv) an M'-augmenting cycle.

Proof. It was proven in Theorem 2 in Farczadi et al. [21] that [(G,w,c), M]
is not stable if and only if the graph G’ in the auxiliary [(G',w’,1), M'] is
not stable, or the matching M’ in the auxiliary [(G',w’, 1), M’] does not have
maximum weight. If G’ is not stable (and M’ has maximum weight), then
G’ contains an M’-augmenting flower or bi-cycle, see Theorem 1 in Koh and
Sanita [36]. If M’ does not have maximum-weight, G’ must contain a proper
M’-augmenting path or cycle, by standard matching theory. O

We refer to an augmenting structure of type (i) — (iv) in Theorem 5.1 as a
basic augmenting structure.

The following lemma will be useful.

Lemma 5.1. Given [(G,w,c), M] and auziliary [(G',w’,1), M'], let P be a
feasible M'-augmenting walk. Then, n(P) is a feasible M -augmenting walk.

Proof. Let e; = uwv and es = vw be two consecutive edges on P. Then 7(e;)
and 7n(e2) are the corresponding edges on n(P), and they are both incident
with n(v). Hence, n(P) is a walk. For an edge e on P, we have e € M’ if and
only if (e) € M. In addition, w;, = wy(. So, n(P) is an M-augmenting walk.
Suppose P = (u;eq,...,ex;v). Feasibility of P means that either e; € M,
or u is M'-exposed. Likewise for e and v. It follows that either n(e;) € M,
or n(u) is M-unsaturated. Likewise for n(er) and n(v). This means n(P) is
feasible. O

5.1.2 Algorithm

The goal of this section is to prove the following theorem.

Theorem 5.2. The M -vertez-stabilizer problem on weighted, capacitated
graphs admits an efficient 2-approximation algorithm. Furthermore, the algo-
rithm is exact if the given c-matching M has mazimum weight.

A natural strategy would be to first apply the auxiliary construction described
in Section 5.1.1 to reduce to unit-capacity instances, and then apply the al-
gorithm proposed by Koh and Sanita [36] which solves the problem exactly.
However, there is a critical issue with this strategy. Namely, the auxiliary con-
struction applied to unstable instances does not always preserve maximality

=~
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of the corresponding matchings, as shown in Figure 5.1. In that example, the
matching M’ is not maximum in G’. The algorithm of Koh and Sanita [36], if
applied to an instance where the given matching is not maximum, is not guar-
anteed to find an optimal solution, but only a 2-approximate one (see Theorem
12 in Koh and Sanita [36]). In addition, since the auxiliary construction splits
a vertex into multiple ones, we may even get infeasible solutions. As a concrete
example of this, the algorithm of Koh and Sanita [36] applied to the instance
of Figure 5.1b includes by in its proposed solution. Mapping this solution to
our capacitated instance would imply to remove b, which is clearly not allowed
as b is M-covered.

To overtake this issue, we do not apply the algorithm of Koh and Sanita [36] as
a black-box, but use parts of it (highlighted in Lemma 5.2 below) in a careful
way. In particular, we use it to compute a sequence of feasible augmenting
walks in G’. We actually show that the walks in G’ which might create the
issue described before when mapped backed to G, are the walks in which at
least one edge of G is traversed more than once in opposite directions, and that
have two distinct endpoints. When this happens, we prove that we can modify
the walk and get one where the endpoints coincide, which is still feasible and
augmenting. In this latter case, we can then either correctly identify a vertex
to remove (the unique endpoint), or determine that the instance cannot be
stabilized.

Lemma 5.2. Let G’ be a unit-capacity graph, and M’ a matching of G'.

(a) For a given M’-exposed vertex w, one can compute a feasible M’'-aug-
menting walk starting at u of length at most 3|V (G')|, or determine that
none exists, in polynomial time.

(b) A feasible M'-augmenting wv-walk contains a feasible M'-augmenting
wv-path (proper if uw # v), an M'-augmenting cycle, an M'-augmenting
flower rooted at w or v, or an M’-augmenting bi-cycle. Furthermore, this
augmenting structure can be computed in polynomial time.

Proof. (a) When given a graph G’, a matching M’, a vertex u, and an integer
k, Algorithm 3 in Koh and Sanita [36] computes a feasible M’-augmenting
uv-walk of length at most k, or determines none exist, for all v € V(G').
Correctness is shown in Lemmas 7 and 8 in Koh and Sanita [36]. The al-
gorithm runs in time that is polynomial in k, |V(G')|, and |E(G’)|. We use
this algorithm and select an arbitrary v for which a wwv-walk is returned, or
determine that no such walk starting at u exists. Since we set k = 3|V (G')|,
this procedure terminates in polynomial time.

(b) Lemma 9 in Koh and Sanitd [36] states that a feasible M’-augmenting
uv-walk contains a feasible M’-augmenting uv-path, an M’-augmenting cycle,
an M’-augmenting flower rooted at u or v, or an M’-augmenting bi-cycle. By
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Proposition 2.1 the path is proper if u # v. Lemma 9 in Koh and Sanita [36]
is proven in a constructive way, hence it also gives a way to compute the
augmenting structure in polynomial time. O

We next define ties.

Definition 5.1. Given [(G,w,c), M] with auxiliary [(G’,w’,1), M'], and an
M’-alternating path P’, a tie in P’ is a pair of unmatched edges {ab,cd} on
P’ such that for some distinct u,v € V, either (i) {a,c} C C, and {b,d} C C,
or (ii) {a,d} C Cy and {b,c} C C,. We say P’ is tieless if it does not contain
a tie.

We now show that if the auxiliary construction does not preserve maximality
of the c-matching M, then we must have ties in all proper M’-augmenting
paths and cycles.

Lemma 5.3. Given [(G,w,c), M| with euziliary [(G',w',1), M'], if M is a
mazimum-weight c-matching in G, then all proper M’-augmenting paths and
cycles contain ties.

Proof. We prove this by contraposition. Suppose that there is a proper M’-
augmenting path or cycle P’ that is tieless. Note that P’ is also feasible. By
Lemma 5.1, P = n(P’) is a feasible M-augmenting walk. Since P’ is tieless,
there is a bijection between E(P’) and E(P), and so, as P’ does not repeat
edges, neither does P. Hence P is a feasible M-augmenting trail. We show
that P is proper.

If P’ is an M’-augmenting cycle, P is a closed M-augmenting trail of even
length. It follows that df AM — dﬁ/[ < ¢, for all vertices v on P, and hence P
is proper.

Now suppose P’ is a proper M’-augmenting path. Let P’ = (u;; €, ..., e};v;)
and u = n(u;), v = n(v;), e1 = n(e}) and e = n(e},). Note that, because P’ is
proper, €} ¢ M if and only if u; is M'-exposed. Likewise for €}, and v;.

Case 1: w = v. If at most one of w; and v; is M’-exposed, then at least one
of ¢} and e}, is in M' and hence at least one of e; and ey, is in M. Therefore,
dPAM < gM < ¢,. If both u; and vj are M'-exposed, then e}, e) ¢ M’ and
hence e, e, ¢ M. Therefore, d”~M = dM 4+ 2. By construction there are ¢,
copies of u, and since u; and v; are already two of those copies, and they are
exposed, we have dM < ¢, — 2. Thus df2M < ¢,.

Case 2: u# v. If e} € M, then e; € M, and so we have d74M = dM —1 < ¢,.
If e} ¢ M’', then e; ¢ M, and so we have df4M = dM 4 1. Using the same
reasoning as in case 1, we can conclude that dfy < ¢, — 1 because u; is M'-
exposed, and therefore dZ~M < ¢,. The argument is analogous for v.
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In all cases P is a proper M-augmenting trail. It follows by Theorem 2.1 that
M is not a maximum-weight c-matching in G. O

We now define the operation of traceback, which we will use to modify the
feasible augmenting walks, when needed.

Definition 5.2. Given [(G,w,c), M] and an M-alternating walk P = (u;eq,
..., ex;v) which repeats an edge in opposite directions, let ¢ be the least in-
dex such that e, = e, for some s < ¢, and es and e; are traversed in op-
posite directions by P. Then the u-traceback and v-traceback of P are de-
fined as the walks th(P,u) = (e1,...,€t,€5-1,€5-2,...,e1) and tb(P,v) =
(ek, Ck—1y-++-9€5,Ct41,C4 42,5+, ek).

The next lemma explains how to use the traceback operation.

Lemma 5.4. Given [(G,w,c), M| such that M has mazimum weight, and auz-
iltary [(G',w',1), M'], let P" = (u;;¢€),...,€e,;v;) be a proper M'-augmenting
path such that both u; and v; are M'-exposed and n(u;) # n(v;). Then, (i)
n(P’) is an M -alternating walk that repeats an edge in opposite directions, and
(i) tb(n(P’),n(u;)) and th(n(P’),n(v,)) are feasible M-alternating walks and
at least one of them is M -augmenting.

Proof. Let P = n(P') = (u;eq,...,ex;v). By Lemma 5.1, P is a feasible M-
augmenting walk, and also proper by Proposition 2.1, since u # v. In order
to use the traceback operation, we must show that P traverses some edge in
opposite directions. By Lemma 5.3 we already have that P’ contains a tie,
and hence that P traverses some edge twice. We now show that there must
exist at least one edge that is traversed in opposite direction. Suppose not,
let ¢ be the least index such that e; = e, for some s < t. Decompose P as
(Pl,es,Pg,et,Pg).

Claim 5.1. If P traverses es; and e; in the same direction, then (P, es, P3) is
a shorter proper M -augmenting walk.

Proof. For notation, define Py” = (P»,e;). By choice of ¢, Py is an M-

. . PrAM M

alternating closed trail of even length. It follows that d,> =d," <¢, for
all vertices v on P; , and hence P; is proper. Since M has maximum weight,
Theorem 2.1 implies that P2+ cannot be M-augmenting. However, P is M-
augmenting, which means the augmenting part must come from P \P2+ . Hence,

(P, es, P3) is an M-augmenting walk. It is proper because P is proper. O
By this claim W = (P, es, P3) is a shorter proper M-augmenting walk. W also

necessarily repeats an edge, because otherwise W is a proper M-augmenting
trail, contradicting that M has maximum weight, by Theorem 2.1. Then we
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can apply the claim again, to find an even shorter proper M-augmenting walk.
This argument can be repeated until eventually we reach a contradiction.

Thus there is at least one edge traversed in opposite direction, hence we can
use the traceback operation. Since P is M-alternating (because it is M-
augmenting), tb(P,u) and tb(P,v) are also M-alternating. Furthermore, since
u; and v; are M'-exposed, u and v are M-unsaturated. It follows that tb(P, u)
and tb(P,v) are feasible.

That leaves to show that at least one of them is M-augmenting. For notation,
let t be the least index such that e; = e, for some s < t and e; and e, are
traversed in opposite direction. As before, decompose P as (Py,es, Ps, e, Ps).
Define P;'™ = (es, Py, e¢), P, = tb(P,u), and P, = tb(P,v). Note that
Py = (P, P, PrY) and P, = (P, (P )1, Py).

Case 1: w(PL\ M) —w(Ps\ M) > w(PLNM)—w(P;NM). Because P is
M-augmenting, we know that
w(Py\ M) +w(Py ™\ M) +w(Ps \ M)
>w(PLNM)+w(Pf T NM)+wPsnM). (5.1)

Adding these inequalities, we obtain

w(Py \ M) = 2w(Py \ M) +w(Py\ M)

> 2w(Py N M) +w(Py TN M) =w(P,NM). (5:2)

Hence, P, is M-augmenting.
Case 2: w(PL\ M) —w(Ps\ M) <w(PyNM)—w(PsNM). Subtracting this
inequality from Equation (5.1), we obtain

w(P, \ M) = w(P\ M) + 2w(Py \ M)

>w(Pyt N M) +2w(PsnN M) = w(P, N M). (5:3)

Hence, P, is M-augmenting.

Case 3: w(PL\ M) —w(Ps\ M) = w(P,NM)—w(P;NM). Adding this
inequality to Equation (5.1) we obtain Equation (5.2) again, and subtracting
it from Equation (5.1), we obtain Equation (5.3) again. Hence, both P, and
P, are M-augmenting. O

The next theorem is standard.

Theorem 5.3. [(G,w,c), M] is stable if and only if G does not contain a
feasible M -augmenting walk.
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Proof. (=) Assume there exists a feasible M-augmenting walk W. Since W
is augmenting, w(W \ M) > w(W N M), and since W is feasible, zM/W (¢) is
a fractional c-matching. Together they imply

vi(G) > w' MW (&) = w(M) — ew(W N M) + ew(W \ M) > w(M),

that is, the instance [(G,w, ¢), M] is not stable.

(<) Assume the instance is not stable. Then by Theorem 5.1, the graph
G’ from the auxiliary [(G’,w’, 1), M'] contains a basic augmenting structure,
which clearly is a feasible M’-augmenting walk P. Then n(P) is a feasible
M-augmenting walk, by Lemma 5.1. O

The algorithm is stated in Algorithm 3. We are now ready to prove Theo-
rem 5.2.

Proof of Theorem 5.2. Let [(G,w, ¢), M] be the input for the M-vertex-stabili-
zer problem, with auxiliary [(G',w’, 1), M']. Algorithm 3 iteratively considers
an M’-exposed vertex w;, and computes a feasible M’-augmenting walk U
starting at wu;, if one exists. Lemma 5.1 implies that n(U) is a feasible M-
augmenting walk in G. Theorem 5.3 implies that we need to remove at least
one vertex of the walk n(U) to stabilize the instance. Note that every vertex
a # u;,v; of U is M’'-covered, and hence, n(a) is M-covered. Therefore,
the only vertices we can potentially remove are 7(u;) or n(v;). Hence, if
both n(u;) and n(v;) are M-covered, the instance cannot be stabilized and
Algorithm 3 checks this in line 10. If only one among n(u;) and n(v;) is M-
covered, then necessarily we have to remove the M-exposed vertex among the
two. Algorithm 3 checks this in line 12 and 14. Note that, by Remark 5.1,
instead of computing a new auxiliary for the modified G, we can just remove
C(uy) (vesp. Cyyyy) from G’ Similarly, if n(u;) = n(v;) and n(u;) is M-
exposed, we necessarily have to remove 7(u;). Algorithm 3 checks this in line
17. If instead 7(u;) # 1(v;), and both are M’-exposed, we apply Lemma 5.2(b)
to find a basic augmenting structure W contained in U. Once again, we know
by Lemma 5.1 and Theorem 5.3 that we need to remove a vertex in n(W). In
case W is a cycle or bi-cycle, all vertices of (W) are M-covered so the instance
cannot be stabilized and Algorithm 3 checks this in line 21. In case W is a M'-
augmenting flower with base w; or v;, Algorithm 3 accordingly removes 7(u;)
or 1(v;) as all other vertices in (W) are M-covered, in line 24 and 26. If W is
a proper (because n(u;) # n(v;)) M'-augmenting path and M has maximum
weight in G, by Lemma 5.4 we know that we can find a feasible M-augmenting
walk, where the only M-exposed vertex is either n(u;) or n(v;). Once again,
this implies that this vertex must be removed. Algorithm 3 does so in lines 31
and 33. Finally, if W is a proper M’-augmenting path and M does not have
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Algorithm 3 finding an M-vertex-stabilizer

input: [(G,w,c), M]

1:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

21:
22:
23:
24:

25:
26:

27:
28:
29:
30:
31:

32:
33:

34:

let Mp.x indicate if M has maximum weight in G
compute the auxiliary [(G',w’,1), M|

initialize S + 0, L < M’-exposed vertices

while L # () do

u; using Lemma 5.2(a)

if no such walk exists then

‘ L+ L\ {u;}

else

consider the computed feasible M’-augmenting u;v;-walk
if both n(u;) and n(v;) are M-covered then

‘ return infeasible

else if n(u;) is M-covered and 7(v;) is not then

else if n(v;) is M-covered and 7(u;) is not then

else
if n(u;) = n(v;) then

else

u;vj-walk using Lemma 5.2(b)
if W is an M’-augmenting cycle or bi-cycle then
‘ return infeasible

L\C

n(ui)

L\ Cy))

else if W is a proper M’-augmenting u,v;-path then
if M.« then

compute th(n(W),n(u;)) and tb(n(W), n(v;))

if tb(n(W),n(u;)) is M-augmenting then
S SuUn(u;), G+ G\n(uw), G+ G\ Cyu,),
L+ L \ C n(ui)

else if th(n(W),n(v;)) is M-augmenting then
S SuUn(vy), G < G\ n(vy), G' + G\ Cpo,),
L+ L \ C (vj)

end if

select u; € L and compute a feasible M’-augmenting walk starting at

| S« SUn(v;), G+ G\n(vj), G+ G\ Cyo;), L L\ Cpyor)

| S SUn(w), G+ G\n(us), G' < G'\ Cpuy)s L+ L\ Cy

‘ S SU?](UZ‘), G+ G\n(u1)7 G+~ G’\Cn(ui), L+ L\Cn(ui)

find a basic M'-augmenting structure W contained in the

else if W is an M’-augmenting flower rooted at u; then
S SUn(us), G < G\ n(u), G' + G"\ Cyu,), L

else if W is an M’-augmenting flower rooted at v; then

S «— Sun(v)), G < G\ n(vj), G + G'\ Cyyy, L+
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35: else

36: S Su{n(ui),n(vj)}, G « G\ {n(ui),n(v;)}, G' +
G\ (Cru U Cnwy))s L 4= LN\ (Cu) U Cyoy)

37: end if

38: end if

39: end if

40: end if

41: end if

42: end while

43: if w(M) < v$(G) then
44: ‘ return infeasible
45: else

46: ‘ return S

47: end if

maximum weight in G, Algorithm 3 removes both 7(u;) and n(v;) in line 36,
even though it might only be necessary to remove one of them.

From the discussion so far, it follows that when we exit the while loop each
vertex in S is either a necessary vertex to be removed from G, in order to
stabilize the instance, or it is one of two vertices for which it is necessary
to remove at least one. Therefore, for any M-vertex-stabilizer S* we have
|S*| > 1]S|. It follows that Algorithm 3 is a 2-approximation algorithm.
Furthermore, if M has maximum weight in G, then each vertex in S is a
necessary vertex to be removed from G, in order to stabilize the instance. It
follows that Algorithm 3 is exact in this case.

We now argue that either removing all vertices in S is also sufficient, or the
instance cannot be stabilized. Suppose that the M-vertex-stabilizer instance
given by G\ S and M is not stable. Theorem 5.1 implies that (G\ S)’ contains
a basic augmenting structure ). Note that @ cannot be an M’-augmenting
flower with exposed root, or a proper M’-augmenting path with at least one
exposed endpoint. To see this, observe that a flower and path are feasible M’-
augmenting walks of length at most 3|V (G’)| and |V (G’)|, respectively. Hence,
they would have been found by Algorithm 3 in line 5, contradicting that @
exists in (G \ S). It follows that @ is a basic augmenting structure where
all vertices are M’-covered. By Lemma 5.1 1(Q) is a feasible M-augmenting
walk where all vertices are M-covered. This implies that the instance cannot
be stabilized. Furthermore, using the e-augmentation of n(Q) we can obtain
a fractional c-matching whose value is strictly greater than w(M). Hence,
w(M) < v§(G\ S). Algorithm 3 correctly determines this in line 43. This
proves correctness of our algorithm.
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Finally, we argue about the running time of the algorithm. Note that each
operation that the algorithm performs can be done in polynomial time. Fur-
thermore, after each iteration of the while loop, we either determine that the
instance cannot be stabilized, or remove at least one vertex from L. There-
fore, the while loop can be executed at most |V (G’)| < n? times. The result
follows. O

5.2 M-Edge-Stabilizer

In this section we give our M-edge-stabilizer results. First we give a sketch
of the 2-approximation algorithm of Bock et al. [11]. Then, we generalize this
algorithm to capacitated graphs and arbitrary given (c-)matchings. On the
other hand, we show that a straightforward generalization of this algorithm to
weighted graphs does not work.

Let us sketch the idea of the 2-approximation algorithm. Given a graph
G = (V,E) and a maximum matching M in G, Bock et al. [11] formulate
the following covering linear program to find an M-edge-stabilizer, where
V(M) CV is the set of vertices covered by M.

min Z Qe
e€E\M
St. Yyt+y,=1 Yuve M
Yut+Yp+a.>1 VYe=uwv e E\ M and u,v € V(M)

Yo+ a.>1 VYe=we E\Mandv e V(M),u¢ V(M)

y e RYM a e REM

(5.4)

To obtain the 2-approximation algorithm, Bock et al. [11] construct an auxil-
iary bipartite instance. They then solve (5.4) on this auxiliary instance, and
map it back to a 2-approximate solution of the original instance.

Let us take a closer look at (5.4). The first constraint ensures that all edges
in M are covered by y. The subsequent two constraints ensure that all edges
not in M, but with at least one of its endpoints covered by M, are covered by
y and a. Since M is a maximum, and hence maximal, matching, for each edge
at least one of its endpoints is covered by M. So these three constraints cover
all edges. We can easily allow for arbitrary matchings, by adding a constraint
for the edges not in M and with both endpoints exposed by M:

a.>1 VYe=wv € E\ M and u,v ¢ V(M).
The vector y in (5.4) represents a fractional vertex cover. To include vertex

capacities, we replace y by a fractional vertex cover (y,z). Note that y is
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defined on V(M) instead of on V. This is because the goal is to have y
satisfy complementary slackness with M, which means ¥, should be zero for all
vertices v exposed by M. Similarly, we want that (y, z) satisfies complementary
slackness with M, which means y, should be zero for all vertices v unsaturated
by M, and z. should be zero for all edges not in M. Hence, we define y on
V(M), where V(M) is now redefined as the set of vertices saturated by M,
and z on M.

So, given a graph G = (V, E) with vertex capacities ¢ € Z‘Z/O, and a c-matching
M in G, we obtain the following linear program, where V(M) C M is the set
of vertices saturated by M.
min Z Qe
e€E\M
st. Yutyptze=1 Ve=ww e M and u,v € V(M)
Yp+2ze=1 Ve=uwweMandveV(M),ud¢ V(M)
ze=1 Ve=wve M and u,v ¢ V(M) (5.5)
Yu+ Yo+ 6. >1 VYe=wuv e E\ M and u,v € V(M)
Yp+ae>1 VYe=w e E\M andv e V(M),u¢ V(M)
a.>1 VYe=uwve E\ M and u,v ¢ V(M)
y e RIM 2 e RY), a e REM
Theorem 5.4. The M-edge-stabilizer problem on unit-weight, capacitated
graphs admits an efficient 2-approzimation algorithm.

Our proof follows the proof of Proposition 3 of Bock et al. [11].

Proof. Consider the linear program (5.5). The first three constraints ensure
that each edge in M is covered by y and z and that |M| = ZveV(M) oYy +
> ecm Ze- The subsequent three constraints ensure that all edges not in M
are covered by y and a. Observe that there is one covering constraint for every
edge.

If a feasible solution (y, z,a) of (5.5) satisfies a € {0,1}P\M | then F = {e €
E :a. = 1} is an M-edge-stabilizer. This is because (y, 2) is a fractional vertex
cover in G\ F', M is a c-matching in G\ F and [M| = }_, cy () Colfo+2cens Ze-

Likewise, if we have an M-edge-stabilizer F', then we can construct a feasible
solution (y, z,a) of (5.5) satisfying a € {0,1}¥\M as follows. Set a, = 1 if
e € F and a. = 0 otherwise. Take (y,z) to be a minimum fractional vertex
cover in G\ F. Since G'\ F is stable, (y, z) and M form a primal-dual optimal
pair for v4(G \ F) and 75(G'\ F). Hence, by complementary slackness, y,, =0
if v is not saturated by M and z, = 0 if e is not in M, and so supp(y) C V(M)
and supp(z) € M. Thus, (y, z,a) is a feasible solution to (5.5).
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Claim 5.2. For a bipartite graph G = (V,E) and c-matching M in G, the
linear program (5.5) has an integral optimal solution (y*,z*,a*).

Proof. Let A denote the coefficient matrix of the constraints in (5.5) for G.
Then A has the form

A=[A' Iy I,

where A’ is an |E| x |V (M)| submatrix of the edge-vertex incidence matrix Ag
of G, and Iy and Ipy ps are |E|x|M| and |E|x|E\ M| submatrices, respectively,
of the |E| x |E| identity matrix I, after removing the columns corresponding
to the edges not in M and the edges in M, respectively. Observe that the
matrix [AG I I ] is totally unimodular since G is bipartite and thus Ag is
totally unimodular. Since A is a (column-indexed) submatrix of [AG I I ],
we conclude that A is totally unimodular as well. In addition, the right hand
sides of the constraints in (5.5) are integral. Together these imply that there is
an integral optimal solution (y*, z*,a*) of (5.5). (See for example Schrijver [47]
for properties of totally unimodular matrices.) O

We use the above claim to find an M-edge-stabilizer in GG that is at most twice
as large as the minimum M-edge-stabilizer by constructing a bipartite graph
G' = (Vi UV, E'), where V; = {v; : v € V} and E' = {ujva, ugvy : uv € E},
and a c-matching M’ = {ujva,usvy : wv € M} in G'. Let (5.5)" and (5.5)
denote the corresponding linear programs for G’ and G, respectively.

We first show that a minimum M-edge-stabilizer F' in G induces a solution
(y',2',a") of (5.5)” with cost 2| F| and integral a’. Since G\ F' is stable, there ex-
ists a fractional vertex cover (y, z) in G\ F' that satisfies complementary slack-
ness with M. Like before, this means that supp(y) C V(M) and supp(z) C M.
We set g, = yv for all v € V(M) and i = 1,2, 2}, ,, = 2i,,, = Zuv for all

ww € M, and ay .y, = Qy,, = 1 for all uv € F' and zero otherwise. Then

(v, 2, a ) is a feasible solution of (5.5)” with cost 2|F| and integral a’.

Next, we show that an optimal integral solution of (5.5)” can be used to find a
half-integral solution of (5.5). Let (y*, z*, a*) be an optimal integral solution of
(5.5)’. By the previous paragraph, the cost of (y*, z*,a*) is bounded by 2|F].
We define (y, z,a) by yo = 5(y5, +y5,) forallv € V(M), zyp = 5(25 o, +25,0,)
for all uv € M, and ay, = max{aulv2, ay,.,, } for all uv € E'\ M. This defines
a feasible solution for (5.5), which can be seen as follows. For wv € M and
u,v € V(M), we have

Yu + Yo + 2Zup = y +y:2) +l(y:1 +y;2) +% (221712 +Z:;«2'U1)
(Wi, 9+ 200) 3 (W0, + 90, 200,)
+3=1,

NI= NI =
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and for uv € E\ M and u,v € V(M), we have

(y;il + y;2) + % (y:;l + y:z) + max {0’21112 ? 0’22111 }
(i +92) + 3 (00, T90) + 3 (00,00 + 00
y’zl + y’:z + a”zl’UQ) + % (y’Zg + y’zl + aZQ'Ul)

Yu + Yo + Quo

%

N N~ N= N

v

The cases for uv € M and wv € E\ M with v € V(M), u ¢ V(M) and with
u,v ¢ V(M) follow in an analogous manner. As the cost of (y*,2*,a*) is at
most 2|F|, the cost of the solution (y, z,a) of (5.5) is also bounded by 2|F|.
Moreover, a is integral and thus defines an M-edge-stabilizer in G of size at
most 2|F|, for any minimum M-edge-stabilizer F'. O

Now we take a look at what happens if we include edge weights. We observed
that the vector y in (5.4) represents a fractional vertex cover. In unit-weight
graphs fractional vertex covers have to satisfy y, +v, > 1 for all edges uv € E.
In weighted graphs this becomes v, + 9, > wq,,. We can incorporate a similar
change in (5.4) to include edge-weights. In particular, we change the right
hand side from 1 to w,,, and we multiply a. by w, in the constraints, as we
still want to have 0 < a < 1.

min Z Qe
e€E\M

St Yy +Yp =Wy Yuv eM
Yu + Yo + Weae > w, Ve=uv € E\ M and u,v € V(M)
Yp + Wete > we VYe=wuww € E\M and v e V(M),u¢ V(M)
Weae > we Ye=wuwv € E\ M and u,v ¢ V(M)
y,a >0
ye RVM) ¢ e RE\M

(5.6)

For the 2-approximation algorithm to work, it is important that on the auxil-
iary bipartite graph the linear program has an integral optimal solution. This
integral solution then maps to a solution in the original graph with integral a,
which means we can obtain an M-edge-stabilizer from it. However, now that
we have included edge weights, the linear program does not have an integral
optimal solution in general, also not on bipartite graphs. In particular, (5.6)
has an unbounded integrality gap, which we show with the next example. Note
that the matching in the example has maximum weight.

Consider the graph G and matching M given in Figure 5.2. The linear program
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Figure 5.2: Graph G with vertex names next to the vertices, edge weights
next to the edges, and a maximum-weight matching M = {uv} indicated
by the bold edge. W can be any positive (large) real number.

with respect to this graph is given in (5.7).

min - Qg + Gty

st. Yyt Yy, =2W -1
Yu + Wag, > W
Yo + Wag, 2 W
y,a>0
y € R? a € R?

Using the constraints, we can find a lower bound on the objective value:

atu"'atv21_%yu+1_%y11:2_%(yu+yv)
=2 (2W —1)= .

The solution given by y, =y, = W — %, and gy, = Ay = ﬁ, is feasible and
achieves this lower bound. Hence, fractionally, the optimal objective value is

%. However, when we require integrality, the lower bound of 2 still needs

w
to be satisfied, and so we get an objective value of at least one. Thus, the
integrality gap is at least ﬁ = W, and we can choose W to be arbitrarily
large.

If we create an auxiliary bipartite graph for this instance, we get a lower
bound of % on the objective. And again, fractionally this can be attained,
but integrally this results in a lower bound of one. Hence, the integrality gap
is at least %W
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Chapter 6

Core Separation of 2-Matching Games

In this chapter we discuss the problem of separating over the core of 2-matching
games, which we defined before as follows.

Determine if a given allocation y € RV belongs to the core, or find a coalition
that violates the corresponding constraint in

y(S) > v(G[S]) forall S C V, y(V)=rG). (6.1)

In Section 6.1 we prove that separating over the core of 2-matching games
is solvable in polynomial time. In Section 6.2 we show that there exists a
compact extended formulation that describes the core of 2-matching games.

This chapter is based on [V2].

6.1 Separating over the Core

Theorem 6.1. Separating over the core of 2-matching games is solvable in
polynomial time.

The first important observation in Bir6 et al. [10] is that for any S C V, a
maximum-weight 2-matching in G[S] is composed of cycles and paths, which
means the core of 2-matching games can alternatively be described by the
following (smaller) set of constraints:

y(V) =v4(G), (6.2a)
y(C) > w(C), for all cycles C € C, (6.2b)
y(P) > w(P), for all paths P € P. (6.2¢)
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Chapter 6. Core Separation of 2-Matching Games

Here, C' stands for the set of cycles C C E in G with ¢, =2 for all v € V(C),
and P stands for the set of paths P C E with ¢, = 2 for all inner vertices
on P. We shortened y(V(C)) and y(V(P)) to y(C) and y(P), respectively.
With this observation, separating over the core for a given vector y reduces
to checking whether y(V) = v¢(G), which can be done in polynomial time
(a maximum-weight c-matching in a graph G can be computed in polynomial
time, see for example Letchford et al. [40]), and to separating over the set of
constraints for cycles, and the set of constraints for paths.

Biré et al. [10] show how to separate over the set of cycle constraints, by reduc-
ing the problem to the tramp steamer problem (also known as the minimum
cost-to-time ratio problem), which we introduce now. Let G = (V,E) be a
graph with edge weights p,w € REZ,. The tramp steamer problem is to find a
cycle C C E of G that maximizes the ratio w(C)/p(C). The tramp steamer
problem is well-known to be solvable in polynomial time (see for example
Dantzig et al. [15], Eiselt and Sandblom [19], and Lawler [38]).

The following lemma is proved in Biré et al. [10] (see the proof of their Theorem
12). We report a proof for completeness.

Lemma 6.1 (Bir6 et al. [10]). Separating over the constraints for cycles in
Equation (6.2b) is solvable in polynomial time.

Proof. Let Vo = {v € V : ¢, = 2} and Gy = G[V3]. In Go = (Va, Es) we
transfer the given allocations y, to the edges by setting pu, = (yu + ¥»)/2 for
all uv € E,. This defines edge weights p € R®2 such that the core constraints
for cycles are equivalent to

~—

a w(C
cec p(C)

<1. (6.3)

Hence we obtained an instance of the tramp steamer problem, which is poly-
nomial-time solvable as mentioned before. Note that by solving the above
maximization problem we either find that all the constraints for cycles in
Equation (6.2b) are satisfied or we end up with a particular cycle C' with
y(C) = p(C) <w(0). 0

Next, we discuss the flaw related to the separation of the path constraints in
Equation (6.2c).

Path separation of Bir6 et al. [10]. Assuming that all the constraints
for cycles in (6.2b) are satisfied by the given vector y € RY, Biré et al. [10]
process the path constraints separately for all possible endpoints ug,vg € V
(with ug # vo) and all possible lengths & = 1,...,n — 1. Let Px(ug,v9) € P
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6.1. Separating over the Core

denote the set of ug — vg-paths of length k£ in G. They construct an auxiliary
graph Gi(ug,vp), that is a subgraph of G x Pyy1, the product of G with a

path of length k. To this end, let V2(1), R Vz(kfl) be k — 1 copies of V5. The
vertex set of Gy (ug, vg) is then {ug,vp} U Vl(l) Uu---u Vz(k_l). Denote the copy
of v € V5 in VQ(T) by v("). The edges of G(ug,vo) and their weights w are
defined as

uov(l) for ugv € £ with weight Wy = Yuy + Yv/2 — Wugo,
u(r= Dy foruv € £ with weight Wy, = (Yu + Yo)/2 — Waw,
u(kfl)vo for uvg € £ with weight Wyw, = Yu/2 + Yvy — Warg -

They claim that y(P) > w(P) holds for all P € P if and only if the shortest
ug — vo-path in Gg(ug,vg) (w.r.t. @) has weight > 0 for all ug # vy and
k=1,....,n—1.

However, the next example shows that this claim is not true. Consider the
graph in Figure 6.1. One can check that v*(G) = 12 and that the given

w—10—O—1—@®

1 2 10 0

1

((?\1 2 2 1
1

(3)/

Figure 6.1: Graph with edge weights w on the edges, vertex labels in
the vertices, vertex capacities ¢ above the vertices, and an allocation y
below the vertices.

allocation y is in the core. In the auxiliary graph G4(s, t), deﬁned above, there
is a path of total weight strictly less than zero: P = (s,u CURNC) ,t) has
weight

E(P) = Ys +2yu + Yy F Y — Wey — 2wuv — Wyt = 14 — 22 < 0.

According to their claim, this should mean that y(P) > w(P) does not hold
for all P € P, that is, y is not a core allocation.

Our path separation. We now show how to fix the above issue, again by
relying on the tramp steamer problem.

Lemma 6.2. Separating over the constraints for paths in Equation (6.2c) is
solvable in polynomial time.
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Proof. We assume that all the constraints for cycles in Equation (6.2b) are
satisfied by the given vector y € RV. We first process all paths of length zero
and one separately, that is, the vertices and edges, by checking

Yp >0, forallvelV,
Yu + Yo = Wyy, forall uv € E.

We process the remaining constraints for paths separately for all possible end-
points s # ¢t € V. We create an auxiliary graph G(s,t) as the subgraph of
G induced by the vertex set Vo U {s,t}. We add the edge st to G(s,t) with
wgy = 0, replacing the original edge st if it exists. Like we did for the con-
straints for cycles, we transfer the given allocations y, to the edges by setting
Puv = (Yu + yo)/2 for all edges uv in G(s,t). If ¢s = ¢; = 2, then we solve the
tramp steamer problem on G(s,t) directly. If ¢, = 1 and ¢; = 2, then we solve
ds — 1 (where d; is the degree of s in G(s,t)) instances of the tramp steamer
problem: we remove all edges incident to s in G(s,t) except for st and one
other edge e, and solve the tramp steamer problem on this variant of G(s,t).
We repeat this for all possible edges e incident to s, unequal to st. The case
cs = 2 and ¢; = 1 can be handled similarly. If ¢ = ¢; = 1, then we solve
(ds — 1)(d; — 1) instances of the tramp steamer problem: we remove all edges
incident to both s and t except st, one other edge e incident to s and one other
edge f incident to ¢, and solve the tramp steamer problem on this variant of
G(s,t). We repeat this for all possible combinations of the edges e and f.

Suppose there is a path P € P of length at least two, such that y(P) <
w(P). Let P = (s;e1,...,ek;t), k > 2. There is a variant of G(s,t) which
contains both e; and e;. We construct a cycle C' in this graph from P: C =
(s;e1,... ek, ts;s). Then:

w(C) = wey, + -+ + We,, + wst = w(P) + 0 =w(P),

P(C) =pe; + -+ + P, +pst = y(P),
which means we have w(C)/p(C) = w(P)/y(P) > 1. So, solving the tramp

steamer problem on this graph, we find that the maximum is > 1.

Suppose we solve the tramp steamer problem on some variant of G(s,t), for
some s and ¢, and find that the maximum is > 1, and that this is attained
by the cycle C. It is straightforward to check that we must have s,t € V(C),
and in particular st € C, as otherwise ¢, = 2 for all v € V(C), which means
C € C, contradicting that all the constraints for cycles in Equation (6.2b) are
satisfied. Let P be the st-path obtained from C' by removing st. Then:

w(P) =w(C) —ws =w(C) —0=w(C),
y(P) = p(C),

which means we have w(P)/y(P) = w(C)/p(C) > 1. So the constraint for P
is violated. O
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Note that Lemma 6.1 and Lemma 6.2, together with checking (6.2a), yield a
proof of Theorem 6.1.

6.2 Compact Extended Formulation

Theorem 6.2. There exists a compact extended formulation that describes the
core of 2-matching games.

To give a compact extended formulation of the core, we essentially need to
rewrite the inequality in Equation (6.3) in a compact form.

Suppose we are given a graph G’ = (V' E’), with edge weights p,w € REB,
and that we want to check whether this graph satisfies the inequality in Equa-
tion (6.3). As a first step, define the edge costs ¢,y = Puy — Wy, for all edges
wv € E’. Note that Equation (6.3) is violated if and only if G’ contains a
negative cost cycle C with respect to ¢, since

w(C)/p(C)>1 <= 0> > cww =Y (Puv — Wuw) = p(C) — w(C).

uveC uvel

We therefore focus on checking if a graph G’ = (V/, E’) with edge costs ¢ €
RE" contains a negative cost cycle. There are several efficient ways to detect
negative cost cycles. For example one can rely on the notion of potential in
undirected graphs with general edge weights, as described by Sebd [48]. A
combinatorial algorithm also follows from Dudycz and Katarzyna [18] (that
actually works for a broader class of generalized matching problems). For our
extended formulation, we rely on the LP formulation designed by Barahona [6]
for finding negative cost cycles. Recall that a cut B C E’ is a set of edges of
the form 6(X) for some ) # X C V’'. We need the following theorem.

Theorem 6.3 (Seymour [49]). The cone generated by the incidence vectors of
the cycles of a graph is defined by the system

xz. —x(B\e) <0, for each cut B, for every edge e € B,
xz > 0.

Using the system of constraints from Theorem 6.3, we can design an LP for-
mulation as in Section 3 in Barahona [6], where they define the LP below with
the goal of minimizing the cost of a cycle. (In Barahona [6] they also add the
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Chapter 6. Core Separation of 2-Matching Games

constraint ) . z. = 1, because they are interested in cycles of minimum
mean weight, but here this constraint is not needed.)

min Z Cee
eckE’

s.t. ze—xz(B\e) <0, for each cut B, for every edge e € B
x>0

(6.4)

One observes that G’ contains a negative cost cycle if and only if there exists
a solution to this LP whose objective value is negative (indeed, the LP in this
case is unbounded). This is easily seen as if C is a cycle with negative cost, its
characteristic vector 2 yields an LP solution with negative objective value.
Vice versa, if x* is a feasible solution for the LP with negative objective value,
by Theorem 6.3 * can be expressed as a conic combination of cycles, implying
that at least one such cycle must have negative cost.

To make the above LP compact, we rely on flows. Recall that an st-cut is a set
of edges of the form §(X) where X contains exactly one of s and ¢. For a fixed
edge € = st, the system of inequalities consisting of > 0 and the inequalities
of (6.4) for €, is then equivalent to

x(B) > ze, for each st-cut B in G’ \ €,

6.5
230, (6.5)

which tells us that all st-cuts in G’ \  have capacity (w.r.t. z) at least 2z. By
the max flow min cut theorem of Ford and Fulkerson [24], this is equivalent
to the existence of a st-flow (w.r.t. the capacity function z) in G’ \ € of value
xz. Therefore there exists an = that satisfies the constraints in Equation (6.5)
if and only if there exists a pair (x,y) that satisfies

0, if u# s,u#t,
Z (Yuv — You) = { Te, ifu=s, for all w € V',
viuveE'\e —g, if u= t,

0 < Yuvs You < Te, foralle=uv € E' \ e

Finally, we can rewrite the LP in Equation (6.4) as

min E CeTe,

ecE’
0, if uzs,u#t,
s.t. Z (yZU - ysu) =\ Ze ifu=s,
viuvEE'\e — g, if u= t,

forallu € V' ande = st € F',
0<%,y <z, foralle=uve€FE \eandec FE'.
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The dual of this LP is

max 0

\E
s.t. i % )\ZU} <0, foralluve E'\eandee E’,
’Yv - -

B i (6.6)
v =5+ Z et AS) <cz foralle=ste F,
uwveE’\e
A, AS, >0, foralluve E'\eandee E'.

Combining all of the steps, a graph G’ satisfies the constraint in Equation (6.3)
if and only if the LP in Equation (6.6) attains a feasible solution.

We are now ready to state the compact extended formulation. For convenience,
let G be the set of graphs consisting of G5 and all variants of G(s,t) for all
s #t € V. From Section 6.1, we know we need to check y(V) = v°(G),
>0 forall v € V, y, +yy, > wy, for all uv € E, and that all graphs

G' = (V',E') € G satisfy the constraint in Equation (6.3). So, in total we get
y(V) = v(G),
Yy, >0, forallveV,
Yu + Yp = Wy, foralluv € E,
€ _F_\E

ry: 7; <0, foralluve E'\eandeec F',

Yo — Yu )‘Uu

- Y N AL, < (s +w)/2—we,  foralle=ste E

uveE’\e
A, AS, >0, foralluve E'\eandec E.
forall G'=(V',E') €g.
(6.7)
The size of this formulation easily follows from the size of G. Consider the
graph G(s,t) for some s # t € V. In the worst case, ¢; = ¢; = 1, which means
there are (ds — 1)(dy — 1) variants of G(s,t). Therefore

Gl <1+ > (ds—1)(d;—1) = O(n").
sAtEV
The formulation in Equation (6.7) has
n+ |G| - (O(m?) 4+ O(nm)) = O(n*m?) + O(n’m)
variables, and
L+n+m+|G|- (0O(m?) 4+ O(m) + O(m?)) = O(n*m?)

constraints, that is, it has polynomial size. This proves Theorem 6.2.






Chapter 7

Two-Stage Assignment Games

In this chapter we discuss the two-stage stochastic assignment game, which we
defined before as

min  Egup min Z Av ] . (2SAG)

yEcore(Go) yS €core(Gs) veVonVs

In Sections 7.1 and 7.2 we consider the two-stage stochastic assignment game
when the probability distribution D is given explicitly and implicitly, respec-
tively. Lastly, we discuss the multistage vertex cover problem in Section 7.3,
which is related to the two-stage stochastic assignment game when the prob-
ability distribution is given explicitly.

This chapter is based on [V5].

Preliminaries Let 7(G) be the value of a minimum integral vertex cover,
that is, 7¢(G) with the additional requirement y € ZV. It follows from Konigs
theorem (v(G) = 7(G) for bipartite graphs) and LP theory (v(G) < v¢(G) =
7¢(G) < 7(G)) that 74(G) = v(G) for bipartite graphs. Shapley and Shu-
bik [50] showed that the core of an assignment game is precisely the set of
minimum fractional vertex covers, that is,

core(G) = {y € ]R‘Z/O Yy Yy > 1V e E\1Ty = v(G)}.

From this and 7¢(G) = v(G) it readily follows that the core of each assignment
game is nonempty: there is always a minimum fractional vertex cover. This
is important for our two-stage stochastic assignment game, because we are
assured that in both stages the core is nonempty.

Observe that in any core element y < 1, because y,, + y, > 1 for all edges in a
maximum matching M, 1Ty = v(G) = |[M|, and y > 0.
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Chapter 7. Two-Stage Assignment Games

7.1 Explicit Distribution

Suppose the distribution D is given explicitly by a list of scenarios S and their
respective probabilities of occurrence {ps}¢.s. Here we consider the problem
of minimizing the absolute difference, instead of the positive difference, that
is, |y, — y2| instead of [y, — y5]*. We solve this in such a way that one can
later choose either option, or even [y° — y,]*. Using the scenarios S, we can
expand the expectation in (2SAG):

min Z Ps min : Z Ao |yv — yf‘ . (2SAG-expl)

y€Ecore(Go) Ses ySEcore(Gg veVanVs

We can rewrite this as the following LP.

min Zps z )\U(§f+df)

SeS  weVpnVs
st. yut+y,>1 Yuv € Ey

1Ty = v(Go)

yER‘Z/OO

o 4+yS>1 Yuwe Eg,VSeS
1Ty =v(Gs) VSeS

y9eRYy vSesS

Yo —yS <85 YoeVynVs,VSeS
yS—y, <dS WweVynVs,VSes
05 e R VSeS

d° eRLEYS VSeS

(2SAG-LP)

Observe that if we change §5 + d5 in the objective to J5 or d&, then the
objective we consider is [y, — y5]* or [yS — y.]T, respectively.

Let V = Vo UUges Vs- This LP has O(|V||S]) variables and O(|V|?|S])
constraints. So it has size polynomial in the input size, which means we
can solve (2SAG-expl) in polynomial time, by solving (2SAG-LP). Using an
auxiliary linear program we show that the feasible region of (2SAG-LP) is an
integral polyhedron.

Theorem 7.1. The feasible region of (2SAG-LP) is an integral polyhedron.

We consider (2SAG-LP) with an arbitrary objective, and show that for each
objective we can find an integral optimal solution. Since for each extreme point
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of a polyhedron there is an objective such that the extreme point is the unique
optimal solution, this proves that the polyhedron is integral. We consider the
following objective, where « can take any value, 8 > 0 and b > 0. Note that if
B < 0orbd <0forany v € VyNVs, S €S, then the LP becomes unbounded,
and so there are no extreme points in those directions.

min Zayyq,+22afyf+z Z 8565 +b5d]

veVy SeSvEVS SeSveVpnVs

We will formulate a maximum flow problem on an auxiliary graph, and com-
pute its dual LP. It is known that the constraint matrix of a maximum flow
LP is totally unimodular (TU). The dual LP has the transpose as constraint
matrix, which is then also TU. Since in addition the right hand side of the
dual constraints are integral, this means the feasible region of the dual is an
integral polyhedron. (See for example Schrijver [47] for properties of TU ma-
trices.) Finally, we show that we can map an optimal dual solution to an
optimal solution for (2SAG-LP).

Let Vi,Va € Vo UUges Vis be the bipartition of Go UJges Gs. Let

1
L3 ev, low] + 2 5es Dvevs 108+ Xses 2vevpnvs Bo + 05

Note that € > 0. We create the auxiliary graph G’ = (V’, A) as follows. Let

e

V= {s,t}UVoU{v v e Vs, SeS}.

The arc set A contains the following arcs:

e sv for all v € Vi NV, with flow-capacity 1+ eq,;

o sv¥forallv e VsNVy, S €S, with flow-capacity 1+ ea;

e vy forallve (VoNVs)NVy, S €S, with flow-capacity £85;
o v forallve (VoNVs)NVy, S €S, with flow-capacity €b?;
e vt for all v € Vy N V;, with flow-capacity 1 + ea,;

e vt forallv € VsNVa, S €S, with flow-capacity 1+ ea;

o v forallve (VoNVs)NVs, S €S, with flow-capacity €387
e vivforallve (VonNVs)NVs, S €S, with flow-capacity €b?;

o v for all uwv € Fy, such that u € Vi, v € V,, without upperbound on
the flow-capacity;

o uv® for all v € Eg, S € S, such that uw € Vi, v € Vs, without
upperbound on the flow-capacity.
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1 ~

S -7 Sl oS
_————> eeeaa I
(a) Example of the source/V; side. (b) Example of the sink/V5 side.

Figure 7.1: Example of part of the auxiliary graph, where dashed arcs
indicate the edges corresponding with Ey and Fg.

S1 bsl

Figure 7.2: Example of the auxiliary graph for the instance given by
Vo = {a,b,c}, Ey = {ab,ac}, and S = {S1, 52} where Vg, = {a,b},
Egs, = {ab}, and Vg, = {a,c}, Es, = {ac}.

Figure 7.1 shows an example of the auxiliary graph in general, and Figure 7.2
shows an example of the auxiliary graph of a specific instance.

Let 1[...] be 1 if the statement in between the brackets is true, and 0 if the
statement is false. We formulate the maximum flow problem in G’ as an LP
in Equation (7.1). For this LP to have a feasible solution, the flow-capacities
need to be nonnegative: 14 ea, > 0 for all v € Vg, 1 +ea > 0 for all v € Vs,
SeS,epf>0forallveVynVsg, S€S, and ebd >0 for all v € VN Vs,
S € §. The latter two are satisfied as € > 0 and we set 5,b > 0. For any
v € Vj, we have

av>—|av|>—<1+Zlav|+Z PRCHED DS ﬁf+b§>

veVy SeSveVy SeSveVynVyg

and so, since € > 0, we have 1 +eq,, > 1 —4—5_71 = 0. The same argument works
for o for any v € Vg, S € S.

The dual of the flow LP in Equation (7.1) is given in Equation (7.2).

Lemma 7.1. The feasible region of (7.2) is an integral polyhedron.
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S fwt D> D fus

veVHNVy SeSveVsnVy

fsv"’ Z (fvsv_fvvs)_ Z fvuzo Yo e VonVy
SeS:weVs w:uv€ FBq

fsv5+1[ve‘/0]<fvvs_fv5v)_ Z fvsus =0

uuveEg

YoeVenNV,VS eS
Z fuv+ Z (fvsv 7fvvs) 7fvt =0 Ywe V00V2

wuv€ Ey SeSweVy

Z fusv5+]]-[v€‘/0}(fvvs7fvsv)7fv5t:0
wuveEFEg

VveVsNVo,VSeS
foo<l4ea, YveVpynNWy
fovs <14cead YweVsnV,VSeS
for <l4ea, YvelVpynh,
fosi <1+4ead YweVenlhVSeS
fose < B Yoe (VonVs)NV,VS €S
fous < b Yve (VonVs)NVi,¥SeS
fovs < B3 Yo e (VonVs)NVa, VS eS
fose < bl Yo e (VonVs)NTh,VSeS
fEeRS,

(7.1)
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min

S.t.

104

SNw+d >y

veVy SeSveVy

+e(z et Y S @Sy Y 6555+65d5>

veVy SeSveVg SeSveVpnVs
Yotys =21 YoeVonh

V4yS>1 WweVsnV,VSeS

Yo =S+ >0 Yue (VonVs)N1,vSes
VS —yy+dS >0 Yoe(VonVs)NVL,VS €S
Yo —Yu >0 Vuv € By such that w € Vi,v € Vs
7{?—%‘320 Yuv € Eg such that u € Vi,v € Vo,VS € S
Yty =0 YoeVonVs

— 5S4 yS >0 YWweVsnlhVSeS

V5= 4+65>0 Yoe(VonVs)NVaVSeS
Yo =S +d5 >0 Yoe(VonVs)NVa, VS eS
yER‘Z/Oo

yeRY VSeS

5% eREMYS vSeS

d% eRYS vSesS

v eRY

Y eRY VSeS
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Proof. The constraint matrix of a maximum flow LP is TU; in particular the
constraint matrix of (7.1) is TU.

The transpose of a TU matrix is TU. The constraint matrix of a dual LP is
the transpose of the constraint matrix of the primal LP. Together they imply
that the constraint matrix of (7.2) is TU.

Finally, a polyhedron with a TU constraint matrix and integral right hand
side is an integral polyhedron; in particular, the feasible region of (7.2) is an
integral polyhedron. O

We can obtain an integral optimal solution for (7.2) by solving (7.2) directly,
or combinatorially, as follows. First we find an optimal flow in the auxiliary
graph. The flow can then be used to obtain an optimal solution for (7.2), by
using complementary slackness. Finally, if this is not an integral solution, then
in particular it is not an extreme point solution. So we can use this solution
to go to an extreme point solution, which is integral by Lemma 7.1.

We map an integral optimal solution for (7.2) to an integral optimal solution
for (2SAG-LP) in two steps. First we map it to the following LP.

min 1Ty + Z 1Tys
Ses

+e(z Y Y e Y ﬁ555+b§df)

vEVy SeSveVs SeSwveVynVs
St. Yy +y,>1 Yuv € Ey

Yy € R?o

ys +yd >1 Yuw e Eg,VS €S

ySeRY vSeS

Yo —ys <07 YweVynVs, VS esS

v~y <dS WueVonVs,VSeS
5% eREMYS vSes
d® eRLYS VSeS
Lemma 7.2. We can obtain an optimal solution for (7.3) from an optimal
solution for (7.2).

Proof.

Claim 7.1. Any feasible solution for (7.3) can be mapped to a feasible solution
for (7.2) with the same objective value.
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Proof. Let o = (9,9° for S € 5,65 for S € S, dS for S € S) be a feasible
solution for (7.3). We extend it to a solution fiext, for (7.2) by setting 4, = 1—g,
forall v e VoNVy, 4, = 4, for all v € VN Vs, ’yf = 1—3};? forallv e Vgn 7y,
S eS8, and ’yf = @f for all v € Vo NVs, S € S. Tt is clear that fiex; has the
same objective value as [i, as the objective functions of the two linear programs
are the same and do not involve the « variables. We next show that fieyt is
feasible.

The constraints v, +yy > 1,75 + 45 > 1, =y +y» > 0 and —yJ +y5 > 0 of
(7.2) are satisfied by fiex; by definition. Nonnegativity of y, y°, §° and d° for
all S € S are satisfied by fiext, because [i is feasible for (7.3).

Let S € S and v € (Vo NVs) NVy. We have

Ay = A5 405 =1 =g, — (1—§5) + 85 =95 — g + 65 >0,
and A R .

A9 = +dS =1 -5 — (1= ) +d5 =Gp — 45 +d >0,

where both times the last inequality follows from /i’s feasibility for (7.3). Sim-
ilarly, we have for S € S and v € (Vo NVs) N V4

A=Ay + 05 =g — §u + 65 >0,

and

o =48 +dy = 9 — 95 +dJ > 0.
Let uv € Ey such that ©w € V; and v € V5. We have
Yo=Y =0o = (L= Gu) =G0+ Ju—1 > 0.
Finally, let S € S and uv € Eg such that w € V; and v € V5. We have
B = =00 — (L= 8) =8 +8; —120.
O

Claim 7.2. Any feasible solution to (7.2) can be mapped to a feasible solution
to (7.3) with the same objective value.

Proof. Let ji = (4,35 for S € 5,65 for S € S,d° for S € §,4,45 for S € S)
be a feasible solution for (7.2). We restrict it to a solution fi s for (7.3) by
disregarding the v variables. It is clear that fi,es has the same objective value
as [i, as the objective functions of the two linear programs are the same and
do not involve the 7 variables. We next show that [i,5 is feasible.

First observe that fiyes > 0.
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Let uv € Ey such that u € V5 and v € V5. We have
Ju+ G0 = (Fu+Ju) + (o = F) + (=9 +9) 21 +0+0=1
Similarly, let S € § and uv € Eg such that v € V; and v € V5. We have
P 5 =0 + 0D+ (0 =) + (=% +8) 2 1+0+0=1.

Let S € S, v e (VpnVs)NV;. We will show that without loss of generality we
can assume that 4, + 9, = 1 and 4> + 5 = 1. Consequently, we have

05 00 =G0 =00 + 95 — 9o +AT — W+ — A
= (03 + 5 = 75) + (% +32) = (o + )
>0+1-—1=0,
and
A5 90 =95 = d5 90— 95 A0 — A0+ — A
= (dS +45 —40) + (o + B0) — (35 +95)
>0+1-1=0.
Now, let S € S, v € (Vb NVg) N Va. We will also show that without loss of
generality we can assume that —4, + 9, = 0 and —%5 + ¢ = 0. Consequently,
we have
0 + 00 =90 =00 +95 — 9o +AT — W+ — A
= (87 +45 = %) + (=40 +82) = (=50 +90)
>0+0-0=0,

and

A5+ 90— 05 =d5 + 90 — 05 + 90 — F0 + 45 — 45
= (d5 + % = 45) + (o + G0) — (=45 +95)
>04+0-—0=0,

This finishes the feasibility proof of fiyes.

To show that we can indeed assume without loss of generality that 4, + 3, = 1
for v € VyNVy, suppose it does not hold, so: 4, + 4, > 1. If g, > 0, then lower
J» by min{g,, 1 —4,} (this does not affect feasibility as g, is contained in only
this one constraint, and it improves the objective). If now 4, + ¢, = 1, then we
are done. If not, then it must be that g, =0 and 4, > 1. Let 0 <n <4, — 1
and lower 4, by n: 4, = 4, — n (this does not change the objective). By
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definition of 7, we still have 4, + §, > 1. Let u € V5 such that uwv € Ejy, then
we have

;Yu_’%; Z%—(’%—U)Z%—%+TIZ77>O-
If v ¢ Vg for all S € S, then the solution with 4, replaced by 4, is feasible. If
there is at least one S € S such that v € Vg, then we have

o = Aot dy =35 = (G =) +d3 29>0,
for all S € S such that v € Vs. If also 4, — 45 + 65 > 0 for some choice of 7,
then the solution with 4, replaced by 4, is again feasible.

So now suppose that there is some S € S with v € Vg, such that for all choices
of , this latter constraint is not satisfied. Then it must be that 4, —45 +c§f =0.
We can make this constraint work if we also decrease 4> by n: (55) =45 —n
(this does not change the objective). Like before, it is clear that the constraint
7S —~5 >0 is still satisfied, as we increase the left hand side. The constraint
7S — 7, +dS >0 is also still satisfied, as we decrease 4 and 4, by the same
amount. Finally, using 4, — 45 + 5;? =0 and 4, — 1 > 1, we have

B +35 =45 =495 =3 +6° —n+95>14+0+0=1.

So again, we find that the solution with 4, replaced by 4, is feasible. Conse-
quently, we can decrease the value of 4,,. By possibly repeating this argument,
we can decrease ¥, to 1, so that 4, + ¢, = 1.

By similar arguments we can show that the other “without loss of generality”-
assumptions hold as well. O

Now we can map an optimal solution for (7.2) to a solution for (7.3) with the
same objective value, as described above. This solution is optimal for (7.3), as
otherwise we could find a better solution, map the better solution back to a
solution for (7.2) with the same objective value, contradicting the optimality
of the starting solution. O

Lemma 7.3. An integral optimal solution for (7.3) is also an integral optimal
solution for (2SAG-LP).

Proof. Let 4 = (¢,9° for S € S, 65 for S € S,dS for S € S) be an integral
optimal solution for (7.3).

Suppose that 17§ > v(Gy), then because § is integral, 174 > v(Gy) + 1. Now
replace § by a minimum vertex cover , that is, 17y = v(Gp), and set §° and
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ES accordingly for all S € S. We have y < 1 and 7% < 1, and hence also
6% < 1and d° <1. Therefore,

e<zavgv+zza5gf+z 5 55&?%5@5)

veVy SeSveVs SeSveVyNVg

sE(zaﬁz LD ﬂf+bf)
veVy SeSveVy SeSveVynVg

<e(z et Y Y Y ﬂfwf)
veVy SeSveVg SeSveVpnVs

<5<1+ T+ Y e Y Y Bf+bf)

veVy SeSveVs SeSveVpnVs
p— 1,

which means we obtain a strictly better solution, contradicting that % is op-
timal. So, 17§ = v(Gp). Similarly, 179° = v(Gg) for all S € S. Hence, 7 is
feasible for (2SAG-LP).

Suppose ¥ is not optimal for (2SAG-LP). Let ¥ be an optimal solution for
(2SAG-LP). Then

Doty Do ATty Y B+ bldy

veVy SeSveVS SeSveVpNVg
<D+ > adi+ Y Y BT +bidy,
veVy SeSveVs SeSveVphNug
1Ty =v(Go) =179, and 177% = v(Gg) =179 for all S € S. It follows that
1Tg+ Z 1T@’S
SeSs
+e(za@+z Sy Y ﬁ56§+bfd§>
veVy SeSveVy SeSveVpnVs
< 1Ty 4 Z 1T:l)S
SeS
+€(zavgv+z S sy Y @fsfwfczf),
veVy SeSveVy SeSveVynVg

because € > 0. This contradicts the optimality of 4 for (7.3), hence 4 must be
optimal for (2SAG-LP). O

Finally, Lemmas 7.1 to 7.3 prove Theorem 7.1.
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7.2 Implicit Distribution

We here prove that, when the distribution is not known, the problem becomes
hard but it can still be well approximated using the SAA method. For the SAA
analysis, the integrality result proved in the previous section plays a central
role. In terms of techniques, the results in this section follow closely the ones
in Faenza et al. [20], we still include all the details for the sake of completeness.

7.2.1 Hardness

Theorem 7.2. When the second-stage distribution is specified implicitly by a
sampling oracle, there exists no algorithm that solves (2SAG) in time polyno-
mial in the input size and the number of calls to the oracle, unless P = NP.
This holds even if A is nonzero for only one vertex v € Vjy, and if all second-
stage scenarios are obtained by only removing vertices.

Proof. As in Faenza et al. [20], we prove this hardness result by showing that
if such an algorithm were to exist, then it could be used to count the number
of vertex covers in a graph in polynomial time. However, counting the number
of vertex covers in a graph is #P-hard (Provan and Ball [43]).

Let G = (V, E) be any undirected graph. We create an instance of (2SAG) as
follows.

e First-stage instance: The first-stage graph Go = (Vp, Ep) is given by
VOZ{’Ul,...,’UdU vV E V}UEU{Ol7ﬂ1,52},
and

Ey={evi,...,evq, v €e€ E}U{ae:ec E} U{ab,afs}.

This is a bipartite graph with bipartitions {v1,...,vgq, : v € V} U {a}
and F U {Bl,ﬁg}.

e Second-stage instance: Sampling from the second-stage distribution D
consists of the following: Add the players {vy,...,vq, } with probability
%, independently for all v € V. Add the players FUa. The second-stage
graph is the subgraph of Gy induced by these vertices. Observe that this
graph is bipartite, and in particular has the same bipartition as Gy.

e Dissatisfaction costs: Set A = 0 except for A\, = 1.
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7.2. Implicit Distribution

In the first stage, both 5, and 2 only have an edge to «, which means that
at least one of them is exposed. We have v(Go \ 8;) = v(Gy) for i = 1,2.
It follows that in any core element, they have value zero. To cover the edges
between (7, B2 and «, it follows that in any core element, o must have value
one. Also observe that in the second stage, a has core value at most one. The
objective (2SAG) in this case becomes

Esp min 1 -— yg
yS€core(Gs)

A second-stage vertex set will look like
{v1,... 04, ;v E€S}UEUq,

for some S C V. Denote this set by II(S). For a given S C V, the probability
that TI(S) is the second-stage vertex set is ﬁ With this information, we can
write down the expectation explicitly:

]. . S
Z ST |5 min 1—y3
scv y® Ecore(Go[II(S)])

Suppose S C V is a vertex cover of GG. Since S is a vertex cover, for each edge
e =uv € F at least one of u and v is in S. Without loss of generality, let us
assume that v € S. Then in Gp[II(S)], the vertex e can be matched to any
copy of v; since we added d, copies of v, there are definitely enough copies to
cover all edge-vertices. This matching is perfect on one side of the bipartition,
which means that it is maximum. Since « is not matched in this matching,
we must have y = 0.

Suppose S C V is not a vertex cover of G. Since S is not a vertex cover, there
exists an edge e = uv € E such that neither u nor v is in S. Consequently, in
Go[I1(S)], the vertex e only has an edge to a.. To cover this edge with the core
element, we must have y¥ + yJ = 1. Since e is not incident with any other
edges, it is feasible to set y° = 0 and yJ = 1. This is also the solution that
minimizes 1 — y5.

From these arguments it follows that

1
0 s 74
sczv 2V LSEczg&[sn Yo o
1
- W(#Vertex covers(1 — 0) + #not vertex covers(1 — 1)), (7.4b)
1
= W#vertex covers. (7.4c)
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So, if we could solve (2SAG) in polynomial time, that is, determine its optimal
objective value (= (7.4c)), then we could also determine the number of vertex
covers in any graph in polynomial time. O

7.2.2 SAA Algorithm

The sample average approzimation (SAA) method is a well-known method in
stochastic programming. It has been exploited often to approximate two-stage
stochastic combinatorial problems (see for example [14, 20, 44, 51, 52]). Let
S1,..., 8N be N independent and identically distributed samples drawn from
the distribution D. We replace the objective function in (2SAG) by the average
taken over our samples S*, ..., SV:

N
1
min — Ay , SAA
y€Ecore(Go) N Pt Z6core(G) E%;WV ( )
where we use G; = (V;, E;) to denote Ggi = (Vgi, Fgi) for i = 1,...,N.
Observe that (SAA) is an instance of (2SAG-expl), where § = {S*,.. SN}
and pg = N for all S € S, which means we can solve this problem by solvmg
(2SAG-expl), and in particular we can obtain an integral solution.

For any instance Z of (2SAG), we denote by y* the optimal solution for in-
stance Z, and by valz(y) the objective value of y in instance Z.

Theorem 7.3. Given an instance I of (2SAG) where a sampling oracle
specifies the second-stage distribution implicitly, and two parameters € > 0,
€ (0,1), one can compute a first-stage core element y such that

P(valz(y) < valr(y*) +¢) > 1—a,

in time polynomial in the size of T, A, In(1/a) and 1/e.

Let § be an extreme point optimal solution for (SAA), which is integral by
Theorem 7.1. As in Faenza et al. [20], the main ingredient to prove Theorem 7.3
is the next lemma.

Lemma 7.4. For any o € (0,1), the following holds with probability at least
l-«
2|V0‘/a)

Ualz( ) < ’Ualz + f Z v N

veVy

The proof of this lemma follows the proof of the corresponding lemma in
Faenza et al. [20] closely. The key difference is that where Faenza et al. [20]
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use that the number of stable matchings is bounded, we use the integrality
result of previous section to bound the amount of core solutions we have to
consider. We denote by valgaa(y) the objective value of y in an instance of

(SAA).
Proof of Lemma 7.4. Fori € {1,...,N} and y € core(Gy), let

Gi;(y)= min Z Av [yv - yfj]Jr

iccore(G;
yt€core(Ga) | P,

5=\/§Z)\wa,

veVy

and let = = {y € core(Gy) : valz(y) < valz(y) + €}. We obtain

Let

Py ¢ F°) < Z P(y is an optimal solution for (SAA))
yg Fe,ye{0,1}Vol

ST P(valsaa(y) < valsaa(y?))
y¢f67y6{071}|V0|

yeff,yg,l}l‘fol <Jbi=v: i:: )
Zf: i(yh)) < 0) .

y¢Fe,ye{0,1}Vo! (
Observe that we can restrict ourselves to sum over integral y not in F¢, as ¢
is integral. Fix y ¢ F¢, y € {0,1}/Vl and let X; = G;(y) — G:(y*). We bound
the probability ]P’(% Zf\;l X; < 0) using the classical Hoeffding’s inequality,
stated below.

Lemma 7.5 (Hoeffding [29], Faenza et al. [20]). Let X, ..., X,, be independent
random variables such that a; < X; < b; almost surely. Consider the sum of
these random variables S, = X1 + -+ -+ X,,. The Hoeffding’s inequality states
that for allt > 0,

IN

_ 942
P(E(Sn) — Sn > t) < exp (an(b?t_a)g> :

It follows from 0 <y < 1 that 0 < [y, — y']* < 1, and consequently that

0< Gy( Z)\<Z)\

’UGV(]ﬁV veVy
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Let a; = 721}6\/0 Ay and b; = ZUEVO MAy. Then a; < X; < b;. Now since
y ¢ F=, it holds that E(X;) > e. Let Sy = Zf\il X;. We obtain

(11V§ §>_P<NSN<O> P(Sy <0)

( ~n) — Sn = E(Sn))
SN SN>€N)

—2e2N?
Yo 1 (b; — a;) 2

—22 UGV )1n(2VU|/a)N>

| /\

| /\

€Xp

exp

(S

(E(
N2 ey, Mo)?
exp( n(2/"0!/a) ) -

21Vol”

So finally,

N
PGEF)S Y PGZX,» s0> < Y gmse

y¢Fe,ye{0,1}!Vol y¢Fe,ye{0,1}1Vol

where the last inequality follows from the fact that since y € {0, 1}%', there
are at most 2/Vo! terms in the sum. O
Finally, for any e > 0 and o € (0, 1), setting N = 2 (3 )\U)2 In(2/%ol /) /€2
proves Theorem 7.3.

veVy

7.3 Multistage Setting

In this section we consider a multistage setting where there are k stages, with
predetermined graphs (no distribution). We denote by G; = (V;, E;) the graph
of the i’th stage for ¢ = 1, ..., k. This setting resembles the setting in Fluschnik
et al. [23], who discuss multistage vertex cover. As before, and as in Fluschnik
et al. [23], we consider the problem of minimizing the absolute difference.
Again, one can still choose later to minimize the positive difference by choosing
which variables to take into the objective. We can formulate this problem as

follows.
k—1
ic (Iél.i?‘fl kz Z )‘Hyv vl (7:5)
yrecore(Gi)i=1,....k T veEV;NV;41
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Like before, we can formulate this as the following LP.

k—1
min Z Z )\i (5£+di)
i=1veV;NV;411
st yh+yl>1 YweB Vi=1,...k
1y =v(Gy) VYi=1,....k
y' €RYy Vi=1,... .k (7.6)
Y-yt < YweVinVig,Vi=1,...,k—1
gttt -yl <dl Yo eVinVi,Vi=1,... k-1
& eREVH Vi=1,.. k-1

deRYy Vi=1,.. k-1

Let V = UF_|V;. This LP has O(|V|k) variables and O(|V|?k) constraints.
So it has size polynomial in the input size, which means we can solve (7.5) in
polynomial time, by solving (7.6). Like in Section 7.1, we can show that the
feasible region of (7.6) is an integral polyhedron.

Theorem 7.4. The feasible region of (7.6) is an integral polyhedron.

Before we go into the proof, we discuss a consequence of this theorem. In
particular, we can use this theorem to prove a result about the multistage
vertex cover problem, which we now define formally. A vertex cover C in a
graph G = (V, E) is a subset of vertices C' C V such for each edge uv € F, we
have {u,v} NC # ). In the multistage vertex cover problem there are k stages
with predetermined graphs G1,...,Gg. The goal is to find a vertex cover for
each stage C1, ..., such that the total absolute difference between stages is

minimized, that is,
k—1

DG\ Cia| + [Ciga \ Cil.

i=1

Fluschnik et al. [23] have shown that the multistage vertex cover problem is
NP-hard, already when k = 2, the first-stage graph is a path and the second-
stage graph is a tree. Both graphs are indeed very simple bipartite graphs.
Our result shows that the difficulty lies in the fact that the bipartitions for
the two stages are different. In fact, with the additional requirement that the
bipartitions are the same, we prove that the problem becomes polynomial-time
solvable for any number of stages.

Theorem 7.5. The multistage vertex cover problem is solvable in polynomial
time when all G;, i = 1,...,k, are bipartite with the same bipartition.
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Proof. We can solve the multistage vertex cover problem on G;, i = 1,...,k
by modeling it as a multistage assignment game with the LP in (7.6). There,
we set Xl = 1foralli=1,...,k—1andall v € V; N V;41. By Theorem 7.4
we can obtain an integral optimal solution, which means that the vectors 3
in this solution indicate vertex covers Cj. O

Now we go into the proof of Theorem 7.4, following the same line of argument
as in the proof of Theorem 7.1.

We counsider (7.6) with an arbitrary objective, and show that for each objective
we can find an integral optimal solution. Since for each extreme point of a
polyhedron there is an objective such that the extreme point is the unique
optimal solution, this proves that the polyhedron is integral. We consider the
following objective, where o can take any value, 8 > 0 and b > 0. Note that if
B <0orbl <0forany ve V;NViyq,i=1,...,k—1, then the LP becomes
unbounded, and so there are no extreme points in those directions.

k k-1
min Z Z ady, + Z Z ByoL, + bid;,

i=1veV; i=1 veV;NVit

We will formulate a maximum flow problem on an auxiliary graph, and com-
pute its dual LP. It is known that the constraint matrix of a maximum flow
LP is totally unimodular (TU). The dual LP has the transpose as constraint
matrix, which is then also TU. Since in addition the right hand side of the
dual constraints are integral, this means the feasible region of the dual is an
integral polyhedron. (See for example Schrijver [47] for properties of TU ma-
trices.) Finally, we show that we can map an optimal dual solution to an
optimal solution for (7.6).

Let Vi,V C Ulevi be the bipartition of UleGi. Let
1
ay |+ 2322 ZvGV’iﬂVi_H By + b,

E =
1+Zv€\/7;

Note that e > 0. We create the auxiliary graph G’ = (V’, A) as follows.
Let V! = U V; U {s,t}. To make clear about which version of a vertex
v € V;NV;11 we are talking, we (sometimes) denote them by v and v**1. The
arc set A contains the following arcs:

e svforallveV;NVyandi=1,...,k, with flow-capacity 1+ ea’;
e vt forallv e V;NV; and i =1,...,k, with flow-capacity 1+ eal;

o viTlyl for all v € (V;NVip1) N Vs, i =1,...,k — 1, with flow-capacity
eBy;
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o vivitl forallv e (V;NViy1)N Vs, i =1,...,k — 1, with flow-capacity
eb;

o viv'tl forallv € (V;NVii) NV, i =1,...,k — 1, with flow-capacity
By

o vitlyi forallv € (V;NVie1)NV; i =1,...,k — 1, with flow-capacity
eby;

e yv for all uv € Ule E;, such that v € V, v € V;, without upperbound

on the flow-capacity.

We formulate the maximum flow problem in G’ as an LP as follows.

max Z fsv

veVy
s.t. fsv + ]l[v € Vifl](fviflv - fvvi*1> + ]1[’[) € Vi+1]<fvi+1v - fvvi“)
- Z f'uuzo vve%m‘/:ﬁVl’:l,...,k

wuveEr;

Z fuv + ]]-[v € Vvifl](fv’:—lv - fvv"’—l) + ]]-[U € ‘/;+1](fvi+1v
wuveE;

— foit1) — fr =0 YoeVinV,Vi=1,...,k
fo<l4eal YweV,NnV,Vi=1,...,k
for <14eal YweVinV,Vi=1,...,k
foitiyi < B Yoe (VinVig) NV, Vi=1,..., k-1

)

foivitr < bt Yo (ViNVig)NVe,Vi=1,..., k-1
)
)

(7.7)

foivitr < B’ Yoe (VinVig) NV, Vi=1,...,k—1

foitiyi < b Yo (ViNVig) NV, Vi=1,...,k—1

Ie Rgo
For this LP to have a feasible flow, the flow-capacities need to be nonnegative:
l+eal >0forallve Vg, i=1,...k 8 >0foralveV,nViy,
i=1,....,k—1,and eb® >0 for allv € V; N V;41,i=1,...,k — 1. The later

two are satisfied as € > 0 and we set 3,0 > 0. Foranyv e V;, i =1,...,k, we
have

k—1
Oy Z—log = — |1+ lagl+> > B+ | =,

veV; i=1veV;NV;41

and so, since ¢ > 0, we have 1 +¢ca! > 1+ 5%1 =0.
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The dual of the flow LP in Equation (7.7) is as follows.

k—1
Zzvars ZZavyv+Z Z Bé5f}+bzdz

i=1veV; i=1veV; i=1 veEV;NVi4q

st Y4yl >1 WweVinV,Vi=1,....k
AL =it 46t >0 vve(mel)mm,vz_l k=1
AL A 4 dl >0 vue(wmml)mvs,sz...,k—l
’yé—’y@ZO Vuv € E; such that u e Vs,v e Vi,Vi=1,...,k
—yi 4yt >0 YWweVinV,Vi=1,... k (7.8)
AL A 45 >0 Yoe (VinVig )NV Vi=1,... k-1
v — A 4 di >0 Vve(VﬂI/;H)ﬂV;,W_l k—1
y' eRY) Vi=1,... .k
& eREVH Vi=1,.. k-1
die RYy Vi=1,... k-1
v eRY Vi=1,....k

Lemma 7.6. The feasible region of (7.8) is an integral polyhedron.

Proof. The constraint matrix of a maximum flow LP is TU; in particular the
constraint matrix of (7.7) is TU.

The transpose of a TU matrix is TU. The constraint matrix of a dual LP is
the transpose of the constraint matrix of the primal. Together they imply that
the constraint matrix of (7.8) is TU.

Finally, a polyhedron with a TU constraint matrix and integral right hand
side is an integral polyhedron; in particular, the feasible region of (7.8) is an
integral polyhedron. O

We map an integral optimal solution for (7.8) to an integral optimal solution
for (7.6) in two steps. First we map it to the LP in Equation (7.9).

Lemma 7.7. We can obtain an optimal solution for (7.9) from an optimal
solution for (7.8).

Proof.

Claim 7.3. Any feasible solution for (7.9) can be mapped to a feasible solution
for (7.8) with the same objective value.
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k

k—1
min Z Yy +e Zz%y@+z Z B8y + bld.,

i=1 i=1 veV; i=1 veV;NVi41

s.t. yi—f—yf)Zl Vuv € E;,Vi=1,....k
y' €RYy Vi=1,... .k
Yyl =yt <8 Yo eVinVig,Vi=1,...,k—1
gt — gl <dl YweVinVig,Vi=1,...,k—1
g e R Vi=1,. k-1
d e REVH Wi=1,.. k-1

Proof. Let i= (g fori=1,... k6" fori=1,....k—1,d fori=1,...,k—
1) be a feasible solution for (7.9). We extend it to a solution jiex; for (7.8)
by setting 42 = 1 —¢¢ for allv € V; N Vs, i = 1,...,k, and 4} = ¢ for all
ve VNV, i=1,...,k It is clear that fi.x; has the same objective value as
i1, as the objective functions of the two linear programs are the same and do
not involve the v variables. We next show that fiey is feasible.

The constraints 7% + 3! > 1 and —v + y¢ > 0 of (7.8) are satisfied by flext
by definition. Nonnegativity of 3* for i = 1,...,k, and of §* and d’ for i =
1,...,k — 1 are satisfied by fiext, because fi is feasible for (7.9).

Let i=1,...,k—1and v € (V;NV;y1) NVs. We have

o= b =1y — (L= i) + 6, = g™ =+ 6, > 0,
and

A=A dy = 1= = (U= g) +dy =gy — g+ dy >0,

where both times the last inequality follows from fi’s feasibility for (7.9). Sim-
ilarly, we have for i =1,...,k—land v € (V;NV;11) NV

AL 4L 4 6L = gt — gl 458 >0,

and . . . N
Fo = A dl =gl — gt + d > 0.
Finally, let ¢ = 1,...,k and uv € E; such that v € Vs and v € V;. We have

Fo = =0y — (1= 8,) =Gy + 9, — 12 0.
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Claim 7.4. Any feasible solution to (7.8) can be mapped to a feasible solution
to (7.9) with the same objective value.

Proof. Let fi= (¢ fori=1,... k6 fori=1,....k—1,d fori=1,... k—
1,4 for i = 1,..., k) be a feasible solution for (7.8). We restrict it to a solution
fires for (7.9) by disregarding the ~ variables. It is clear that fi s has the same
objective value as i, as the objective functions of the two linear programs are
the same and do not involve the 7y variables. We next show that fi,es is feasible.

First observe that fiyes > 0.
Let t=1,...,k and uv € E; such that u € Vs and v € V;. We have

Jo+ 0 =G +0)+ G =)+ (3 +9,) >1+0+0=1.

Let i = 1,...,k, v € (V;NV;41) N Vs, We will show that without loss of
generality we can assume that 44 + 9 = 1 for u € V;NnVs,7=1,...,k,s0in
particular for v = v and j =, j =i + 1. Consequently, we have
Oyt ot =gy =0, ot =gy AT - A AL -
= (L3, = 35 + G+ ) — (3 + )
>0+1-1=0,
and
dz +yAz _ Az+1 _ dz +y z+1 +’Y ’Y _’_,Y'H-l ,?z—i-l
= (d) + 4 = A + (o +00) — L + et
>0+1-1=0.

Now, let i =1,...,k, v € (V;NV;41) NV;. We will also show that without loss
of generality we can assume that =47 + 92 =0 forue V; NV;, j = 1,...,k.
Consequently, we have

OF + gt — i = 88 4+ it — g 4 A — 4 458 40
= (0L + A5 = A0) + (=AY — (<AL + 0h)
>0+0—-0=0,

and
dy 4y =957 = dy + 8, =8 A = AT AT
= (df + 45 =AY + (<AL +95) — (—AAT + it
>040—0=0,

This finishes the feasibility proof of fies.
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To show that we can indeed assume without loss of generality that % +9i =1
fori =1,...,k, v € V;NV;, suppose it does not hold, so: 'yv +g;, > 1 for
some ¢ € {1, .. .,k} and v € V; N V;. In particular, let 4¢ + ¢¢ > 1 for all i in
a range, that is, for all ¢ € {j,...,5 + {} for some j € {1,...,k} and integral
[ > 0, such that either v & V;_; or 47~ + ¢gJ=1 = 1, likewise for j + 1+ 1.

If ¢ > 0 for some i € {j,...,j + I}, then lower ¢} by min{g},1 —4¢} (this
does not affect feasibility as §? is contained in only this one constraint, and it
improves the objective). If now 4% + ¢ = 1, then we continue with a smaller
range, otherwise we continue with the same range. So, we can assume that for
all i € {j,...,7 + 1}, we have 9! = 0 and 4 > 1. Let n > 0 be small enough
such that if we set (92)" = 4% — n (this does not change the objective) for all
i €{j,...,5+ 1}, westill have (§¢) > 1.

For i € {j,...,j+1} and u € V; such that uwv € E;, we have
Fu— () =% — Go =) =9 — 4o +n=n>0.
For i€ {j,...,7+1—1}, we have
(Fo) = ) +0, = (o —m) = G =0) +8, =3, =7 +6, 20,

and

o) = (B) +dy = Gt —m) = (o —m) +dy =307 =40 +d, > 0.
If v € V;_1, then 4271 4+ §571 =1, and so
A = G 0T = AT = () 0T = AT A8 A = >0,
and

() = A+ =G —m = (=g ) + 6,7
= (A —n—=1D+9, " +0 1 204+0+0=0,

If v € Vjyi41, then 49T 4+ 9+ =1 and so

A =4 o = (AT =) — (1= gt + 00

=T )+ L > 04+0+0=0,

and

%J)+l+1 (J-H) +5J+l 7j-&-l—&-l (

7J+l n) + Sitt

= AIHAL a0 Siﬂ tn>n>0.
So we find that the solution with 4/ replaced by (¥) for all i € {j,...,5 +1}
is feasible. By possibly repeating this argument, we can decrease all 4 to 1,
such that 4% + 9 =1 holds for all i € {1,...,k} and v € V; N V.
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By similar arguments we can show that we can also assume without loss of
generality that =4, + g, =0fori=1,...,k,ve V;NV,. O

Now we can map an optimal solution for (7.8) to a solution for (7.9) with the
same objective value, as described above. This solution is optimal for (7.9), as
otherwise we could find a better solution, map the better solution back to a
solution for (7.8) with the same objective value, contradicting the optimality
of the starting solution. O

Lemma 7.8. An integral optimal solution for (7.9) is also an integral optimal
solution for (7.6).

Proof. Let 4y = (g fori=1,... k6" fori=1,... . k—1,d fori=1,... k—
1) be an integral optimal solution for (7.9).

Suppose that 17¢* > v(G;) for some i = 1,..., k, then because ' is integral,
179 > v(G) + 1. Now replace §* by a minimum vertex cover y’, that is,
17§ = v(G;), and set 6' and d* accordingly. We have ' < 1 and 5! < 1,
and hence also o <1 and dl < 1 (this also holds for superscripts other than
1). Therefore,

k k—1
: (Z Soalgi4 Y, > Bl +bid,

i=1veV; i=1 veV;NVit

k k—1
<e (D> al+d > B+
1=1veV; i=1 veV;NVit
k 4 k—1 . '
<e DD+ >. > B+
=1 veV; i=1veV;NVii,
k k—1
<e (1) D i+ > D> B+
i=1veV; i=1 vEV;NViq1

=1

9

which means we obtain a strictly better solution, contradicting that 4 is opti-
mal. So, 17§" = v(G;). Hence, 4 is feasible for (7.6).

Suppose 4 is not optimal for (7.6). Let ¥ be an optimal solution for (7.6).

122



7.3. Multistage Setting

Then
k T . s
DD Bty D> Bo+bd,
k=1veV; i=1 veViNViqq

k k—1
<3 Y g+ Y S g+ uid

k=1veV; i=1 veV;NV;11

and 17y = v(G;) =1T¢ for all i = 1,...,k. Tt follows that

k k k—1
PR DD DL ED DD DR R A
i=1 k=1veV; i=1 vEV;NV; 11
k k k—1 )
<TG e [ DO kg + > > BisL+ bl |
i=1 k=1v€V; i=1 vEV;NV;41

because € > 0. This contradicts the optimality of 4 for (7.9), hence 4 must be
optimal for (7.6). O

Finally, Lemmas 7.6 to 7.8 prove Theorem 7.4.
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Summary

In this dissertation we study network bargaining games and cooperative match-
ing games. These games are defined on graphs, and involve the structure of
matchings. The vertices of the graph represent the players of the game, and
the edges represent how players can interact with each other. Most of this dis-
sertation considers c-matchings (capacity-matchings), where each vertex has a
capacity that indicates how often the vertex can be used in a matching.

There is a notion of stable solutions for network bargaining games, which
nicely relates to some structural property of the graph, called stability. Not
all graphs are stable, which naturally yields the problem of stabilizing graphs.
We study this in the first part of this dissertation: We consider stabilizing
a graph by removing a minimum number of vertices, reducing a minimum
amount of capacity and removing a minimum number of edges. We show that
stabilizing by removing vertices is APX-hard when there are vertex capacities.
On the other hand, stabilizing by reducing the capacity of vertices is solvable in
polynomial time and our algorithm generalizes the unit-capacity algorithm for
removing vertices. Stabilizing by removing edges was already known to be NP-
hard in unit-capacity graphs. We generalize the unit-capacity approximation
algorithm. For the latter two results we use new polyhedral techniques.

There is a variation of the stabilization problem where in addition a c-matching
is given that needs to be avoided by the stabilizer, and needs to have maxi-
mum weight in the resulting graph. In unit-capacity graphs it is known that
stabilizing by removing vertices with this additional constraint is NP-hard but
attains a 2-approximation algorithm, and can be solved exactly if the given
matching has maximum weight. We show that both of these algorithmic results
generalize to capacitated graphs.

In the second part of this dissertation we focus on cooperative matching games.
First we study the core of 2-matching games (cooperative matching games
where all vertex capacities are at most two): we discuss how to separate over
the core of 2-matching games in polynomial time, and prove the existence of
a compact extended formulation for it. Next we study two-stage stochastic



Summary

cooperative matching games in bipartite graphs, where in the second stage
the players and their possible interactions are sampled from a distribution.
The goal here is to compute a first-stage core element that minimizes the
expected total decrease in the second stage. We show that if the second-
stage distribution is given explicitly, this problem can be solved in polynomial
time. On the other hand, if the second-stage distribution is given implicitly
by a sampling oracle, the problem is computationally hard, but it can be
approximated with the SAA method.

134



Acknowledgements

I would like to thank everyone that contributed to the writing of this disser-
tation, in any way.

First and foremost, I want to thank Laura, my supervisor, for introducing me
to the research world, and teaching me how to be a good researcher. Even
though you moved to Milan at the end of my first year, we kept meeting once or
twice every week. I appreciate the amount of time you had for these meetings,
where we could think about the problems together. Your guidance throughout
my PhD was invaluable. It was a pleasure to work together with you.

Next, I want to thank Frits. It has been great to be part of your research
group, the CO group. We first got to work together, when you involved me in
the supervision of the final project of two master students. Then in the last
year of my PhD, you became my second promotor. I thank you for taking the
time to carefully read this dissertation and providing detailed and valuable
feedback.

I would like to thank my committee members for taking the time to read this
dissertation and providing valuable feedback.

I would like to thank all my colleagues for providing a great and fun work
environment these last four years, in particular, my colleagues in the CO group.
The lunches and snack competitions were a relaxing distraction during work.
I also enjoyed the SPOR drinks and pizza nights, together with everyone from
the 4th floor. I especially want to thank Nils and Emanuel, whom I shared the
office with the last year, and who occasionally listened to Taylor Swift with
me during work. Thinking back to how this journey started, I want to give
special thanks to Céline and Sjanne, who answered all of my questions about
what it is like to do a PhD.

Lastly, I want to thank my friends and family for their unconditional love and
support. In particular:

Zoé, bedankt voor bijna iedere week een ontspannen avondje bijkletsen en
series kijken. Laura en Yori, mijn lieve zusjes, bedankt dat jullie tijdens de



Acknowledgements

verdediging naast me staan. Mama en John, papa en Yvonne, Pim en Miranda,
Doriene en Martin, bedankt dat jullie er altijd voor mij en Gijs zijn, en dat
we altijd bij jullie terecht kunnen. In het bijzonder, mama en papa, bedankt
voor jullie onvoorwaardelijke liefde, voor de vrijheid om mijn eigen keuzes te
maken, voor het vertrouwen en de steun die jullie hebben in die keuzes, en
voor het vertrouwen in mij. Bedankt voor alles.

Tot slot, Gijs. Ten eerste wil ik je bedanken voor je directe hulp bij mijn PhD,
zoals als eerste na mijn presentaties luisteren, en de proloog van dit proefschrift
doorlezen. Ik waardeer je feedback enorm. Maar ik wil je vooral bedanken voor
al 8 jaar samen. Van samen in mijn kleine studio zonder uitzicht, tot samen in
ons appartement op de 1le verdieping. Van onze vakanties en dagjes uit, tot
onze gaming dagjes in. Van samen studeren, tot tegelijkertijd een PhD doen,
en nu op naar het volgende avontuur.

Lucy Verberk
Eindhoven, September 2025

136



About the Author

Lucy Verberk was born on July 15, 1998 in Sint-Oedenrode, the Netherlands.
She completed her secondary school education in 2016 at Zwijsen College Veg-
hel. She proceeded to study Applied Mathematics at Eindhoven University
of Technology, where she obtained her bachelor’s degree in 2019 and her mas-
ter’s degree in 2021, specializing in combinatorial optimization. She stayed at
Eindhoven University of Technology to start her PhD in October 2021 under
the supervision of dr. Laura Sanita. The results of the research done during
her PhD are presented in this dissertation.



	I Introduction
	1 Prologue
	2 Notation and General Definitions
	2.1 Graph Theory
	2.1.1 Matching
	2.1.2 Capacity-Matching

	2.2 Fractional c-Matching Polytope
	2.2.1 Circuits
	2.2.2 Basic Fractional c-Matchings


	3 Problem Definition and Results
	3.1 Network Bargaining Games
	3.1.1 Stabilization

	3.2 Cooperative Matching Games
	3.2.1 Core Separation of 2-Matching Games
	3.2.2 Two-Stage Assignment Games

	3.3 Connection Between the Games


	II Stabilization
	4 The Stabilizer Problem
	4.1 Vertex-Stabilizer
	4.2 Key Polyhedral Tools
	4.3 Capacity-Stabilizer
	4.3.1 Increasing the Capacity

	4.4 Edge-Stabilizer

	5 The M-Stabilizer Problem
	5.1 M-Vertex-Stabilizer
	5.1.1 Auxiliary Construction
	5.1.2 Algorithm

	5.2 M-Edge-Stabilizer


	III Cooperative Matching Games
	6 Core Separation of 2-Matching Games
	6.1 Separating over the Core
	6.2 Compact Extended Formulation

	7 Two-Stage Assignment Games
	7.1 Explicit Distribution
	7.2 Implicit Distribution
	7.2.1 Hardness
	7.2.2 SAA Algorithm

	7.3 Multistage Setting

	Bibliography
	List of Publications
	Summary
	Acknowledgements
	About the Author


